ECE285: Semidefinite and sum-of-squares optimization Winter 2023

Lecture 11: Nonconvex QCQP, SDP relaxations, and S-lemma
Lecturer: Yang Zheng Scribe: Yang Zheng

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications. Any
typos should be sent to|zhengy@eng. ucsd. edul

Learning goals:

1. Nonconvex QCQP
2. S-lemma

3. Shor’s semidefinite relaxation

1 Nonconvex QCQP

In this lecture, we consider semidefinite relaxation for general nonconvex quadratically constrained quadratic
programming (QCQP). The problem of (nonconvex) QCQP is an optimization problem of the from

min 2" Qox + qgm + ¢o
! (1)

subject to xTQix—&—q;rx—i—ci <0,i=1,...,m

where Qo, Qi € S™,q0,¢; € R",¢o,¢; € R. Here, we do not assume Q, Q; to be positive semidefinite (if so,
there exists an exact reformulation into a second-order cone program; see Lecture 6). It is not difficult to
see that problem ([1)) is non-convex and contains the max-cut and independent set problems (see Lecture 10)
as special cases. Thus, is numerically hard to solve exactly.

Remark 11.1. A equality constraint on a quadratic function h(x) = 0 can be modelled as two quadratic

inequality constraints h(x) <0 and —h(z) < 0. Thus, can also include equality constraints. ]

The goal of this lecture is to introduce a powerful semidefinite relaxation for that provides non-trivial
lower bounds. A well-known special case that contains only one inequality constraint has an exact SDP
formulation — this is known as the S-lemma. We first discuss this famous S-lemma in Section Section 2|

2 S-lemma

Here, we consider a special case of with m = 1. For simplicity, we write

min f(z)
v (2)

subject to  g(x) <0,

where f(z) = 2TQoz + ¢l x + co and g(x) = 27 Q12 + ¢{ z + ¢;. This problem appears in many applications,
such as the trust region problem in nonlinear programming, and robust second-order cone programming,.

We will show that can be solved exactly via an SDP. The key is the following celebrated S-lemma.
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Theorem 11.1. Given two quadratic functions f(x),g(x). Suppose Ixg € R™ such that g(xo) > 0, then
{zr eR" | g(z) >0} C {z €R" | f(z) > 0}

if and only if there exist X > 0, such that f(x) > Ag(x), Ve € R™.

The “If” part is obvious, and it is a certificate for the first implication. We will prove the “only if” part
by strong duality of SDPs. For those who are interested in the history and applications of S-lemma, please
refer to the excellent survey [4].

2.1 SDP reformulation

We now apply the S-lemma to formulate (2)) into an equivalent SDP. We assume that is strictly feasible,
i.e., 3z such that g(xg) < 0. We note that

min  f(x) max 7y
subject to  —g(z) >0, subject to  f(z) >, Vz € {zx e R" | —g(x) > 0}.

Applying the S-lemma leads to an equivalent formulation

max vy
YA
subject to  f(z) —vy > —Ag(z),Vx € R, 3)
A>0

Considering the expression of f(x),g(z), it is easy to see that
f@) +Ag(x) =y =2T(Qo + AQ1)z + (qo + Aq1) " + co + Aex —
We have the following simple lemma.

Lemma 11.1. A quadratic inequality with a symmetric n X n matriz A satisfies
h(z)=xz"Az+2b"x +¢ > 0,Yz € R"
if and only if

c T
b A

B

Applying [Lemma 11.1] we derive the equivalent SDP formulation of

max
VA K

cot+Aer—7y (g +Aq)T -0 (4)
Hao+ A1) Qo+AQ1 |~
A>0.

subject to [

Proof of [Lemma 11.1} The inhomogeneous quadratic function h(x) is nonnegative globally if and only if
the homogeneous quadratic function

l(x,t) =2 Az + 2t x + ct?> >0, V(x,t) € R™L (5)

Indeed, we have

o If [(xz,t) is nonnegative globally, then h(z) = I(z,1) must be so.
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o Ift #0, then I(z,t) = t?h(%) > 0,Va € R™. Thus, I(z,t) is nonnegative for ¢ # 0. By continuity, {(z, t)
is nonnegative everywhere, V(z,t) € R+,

l(z,t) = MT [g lﬂ m >0,V m R o {Z b;] = 0.

This completes the proof.

Now, we have

Remark 11.2. The homogenization argument is very useful. We will use it later in this lecture, as well
as in later lectures on sum-of-squares optimization. (|

2.2 Regularity assumption

The regularity assumption: Jz¢ € R™, g(z¢) > 0 cannot be removed in general. It is like the Slater’s condition
for strong duality of convex optimization problems. The following is a counterexample for S-lemma when
the regularity assumption fails.

Example 11.1. Consider g(z) = —22 and f(x) = —a® + x. Then we have
{0} ={z eR" [ g(z) =2 0} S {x € R" | f(x) > O}.
However, there exists no A > 0 such that f(x) > Ag(x),Vz € R. Indeed, the following inequality
2+ x> -

cannot hold globally since the linear term will dominate the quadratic term when x is close to zero, and the
inequality fails. O

In fact, it is not difficult to check the regularity condition. It is equivalent to say that the following symmetric

matrix 1T
{101 341 }
591 @1

has at least one strictly positive eigenvalue.

Theorem of strong alternatives: The S-lemma tells us exactly one of the following statements is true
(assume the regularity condition holds)

1. g(z) >0, f(z) <0 is feasible.
2. 3\ > 0 such that f(z) > A\g(x),Vz € R™.

Recall that the Farkas lemma has a similar flavor of strong alternatives (no regularity condition is needed)
Az = b,z > 0is infeasible < Iy € R™, such that ATy < 0,b"y > 0.

There is another version of Farkas lemma that is more analogous to the S-lemma
m
T T o __ . 8 _
apr < 0,a; x> 0,5 =1,...,mis infeasible <« 3I\; > 0, such that ap = Z)‘iai'
p=1

These are all theorems of strong alternatives that give “certificates” of infeasibility for a set of inequalities.

In later lectures, we will study the concept of sum-of-squares optimization, which can generalize the same
idea to a system of polynomial equations and inequalities.
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2.3 Homogeneous S-lemma

Our proof follows from [2]. We first prove the homogeneous S-lemma.

Theorem 11.2. Suppose 3xg, such that v} Axg > 0. Then
{zeR" | 2" Az >0} C {x € R" | 2" Bz > 0}

if and only if there exists X\ > 0 such that B = A\A.

The proof relies on the following lemma that is of interest in its own right (another key piece of the proof is
the strong duality of conic programming; slater’s condition holds in this case).

Lemma 11.2. Given two symmetric matrices P € S",Q € S™, if trace(P) > 0 and trace(Q) < 0, then there
exists a vector e € R™ such that e" Pe > 0 and e Qe < 0.

Proof: For any symmetric matrix Q, we can write Q = UTAU with an orthonormal U and a diagonal A.
Then
trace(Q) = trace(UTAU) = trace(UUTA) = trace(A) < 0.

Now let £ be a random vector with entries taking values £1 with probabilities 0.5 independently. We have
(UTOTQUTE) = (UTQ)TUTAU(UTE) = £TAL = trace(A), V€,
On the other hand, we have
UTTPUTE) =TUPUTE.
For any matrix H, we have E(¢THE) = E(3, ; Hij&i&j) = 21—y Hii. Therefore,

E(£TUPUTE) = trace(UPUT) = trace(P) > 0.

Then, it must have & € {—1,1}" such that (UT¢)TP(UT¢) > 0, otherwise, the expectation would be negative.
We complete the proof by taking e = UTE.

Proof of We consider the following optimization problem

min ' Bx
xT

subject to zT Az >0 (6)

=1

The regularity condition implies that @ is strictly feasible. Indeed, given zo € R", xl Azo > 0. We can
re-scale x = H;—EH which is strictly feasible to @
We now define X = zz", then (6 is equivalent to
i B, X
min (B, X)
subject to  (A4,X) >0

trace(X)
rank(X)

=1,X*0
=1.
We obtain an SDP relaxation by simply dropping the rank condition, which is
i B, X
min (B, X)
subject to (4, X)
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It dual SDP is

max v
subject to AA+vI < B (9)
A>0.

It is clear that the dual SDP @ is strictly feasible. We now argue the primal SDP is also strictly feasible,
by taking
zoxd + ol

" trace(zoz] + al)’

and « > 0 sufficiently small.

By strong duality of conic programs, we know that the optimal value of the dual SDP @ is the same as the
primal SDP . If we can show that the optimal value of is nonnegative, we would have proven that
dA > 0,v > 0 such that B— XA = vl > 0.

We now prove the optimal value of is nonnegative using [Lemma 11.2] By strong duality, we know the
optimal solution X* is attained since both primal and dual SDPs are strictly feasible. Since X™* > 0, we
write its Cholesky factorization X* = DDT. We have

trace(AX™) = trace(DTAD) > 0
trace(BX*) = trace(D"BD) := 6*.
We need to prove 8* > 0. Suppose that 8* < 0. We take
P=D'BD, Q=D"AD = trace(P) > 0,trace(Q) <0
By |[Lemma 11.2] there exists a vector e such that
e"Pe>0= (De)TA(De) >0
e'Qe < 0= (De)"B(De) < 0,

which contradicts the hypothesis that 2" Az > 0 = z"Ba > 0. Therefore, we must have §* > 0. This
completes the proof of the homogeneous S-lemma.

2.4 Proof of the S-lemma

We now use the homogenization agreement to prove the inhomogeneous S-lemma (Theorem 11.1|) based on
the homogeneous S-lemma (Theorem 11.2). We define the homogeneous quadratic functions

f(z,t) = 2T Qox + ¢ xt + cot?
glz,t) = 2" Qra + qf wt + c1t?
We argue that the condition
{reR"|g(x) 20} C{z eR" [ f(z) = 0}

leads to
{(z,t) e R"™ | ga,t) > 0} C {(x,t) e R™ | f(x,t) > 0}.

Suppose there exist (x,t) such that g(z,t) > 0 but f(z,t) < 0.

1. If t # 0, then evaluating (z/t,1) gives a contradiction, as g(z) = g(z,1) and f(z) = f(=,1).

2. If t = 0 and g(z,t) > 0, by continuity, there exists ¢y # 0 such that g(x,to) > 0 and f(z,t9) < 0.
Repeat Step 1.
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3. If t = 0 and g(z,t) = 0. In this case, we have z'Qiz = 0 and 2" Qpz < 0. Now, we slightly change
to # 0 such that f(z,tp) < 0. We then rescale x to va, such that

e In g(yz,tp), the quadratic term y22TQ1x = 0 and the linear term ¢ (yx)ty becomes positive and
dominates the constant term.

e In f(vyx,tp), the quadratic term 22T Qpx is negative and dominate the other terms.

Thus, we find (yz, o), such tat g(yx,to) > 0 but f(yx,ty) < 0 with g # 0. Repeat Step 1.

Also, it is clear the regularity condition for the homogeneous version still holds. We can now apply the
homogeneous S-lemma, which tells that

IX >0, suchthat f(z,t) > A\g(x,t), Va,t.
Setting t = 1, we get the desired result:

JX >0, suchthat f(z)> Ag(x), V.

3 Shor’s semidefinite relaxation and the Lagrange relaxation

Consider the non-convex QCQP

min ' Qox + qu + ¢o
! (10)
subject to xTQia:—&—qiTx—i—cigO,i:l,...,m

where Qo, Qi € S™,qo,¢ € R, cp,c; € R. We introduce a matrix variable X = za'. The problem
becomes
min  (Qo, X) + gy + co
subject to (Qi,X>+qiTx+ciSO,izl,...,m (11)
X =az'.

We now relax the constraint X = xz' to a convex constraint X = xzz', which is equivalent to (by Schur
complement)

[1 T

L

We then obtain a semidefinite relaxation of

min  (Qo, X) + gy + co

subject to (Qi,X>+qiTx+ciSO,izl,...,m (12)
1 '
> 0.
b e

Another way to derive a convex relaxation is based on the Lagrange dual formulation. The Lagrangian

of is
L(z,\) = 2" Qoz + ¢l = + co + Z Ni(2TQiz 4 ¢l 2 + ¢;)

i=1

m m T m
=l (QO + Z)\in) T+ (% +)° )\z'(Jz') z+cot+ Yy A

i=1 i=1 i=1
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The dual function is
g(A) = min L(x, \).

If
L(z,\)— &> 0,Vz € R", (13)

then g(A\) > £. The condition is equivalent to

[610 + Zy;li\ici & 3(q0+ 2%1 /\iQi)T] -
3 (0 +222 M) Qo+ > M@y

Therefore, we get a dual problem for as follows

max ¢
m m T
. +3 e — € g0+ Y i) 14
subject to {CO i=1" 2 =1 > 0, (14)
Lo+ NaG) Qo+ X ANiQ;
A>0.

One can verify that is just the semidefinite dual of . We call both and semidefinite
relaxations of the non-convex QCQP .

Notes

The preparation of this lecture is based on [l Lecture 12]. Further reading for this lecture can refer to |2,
Chapter 4.3] and [3, Appendix B].
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