ECE285: Semidefinite and sum-of-squares optimization Winter 2023

Lecture 2: Mathematical Background
Lecturer: Yang Zheng Scribe: Yang Zheng

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications. Any
typos should be sent to zhengy@eng. ucsd. edul

Learning goals:

1. Inner products and norms
2. Dual norms

3. Positive semidefinite matrices

In this lecture, we review some basic concepts from linear algebra, analysis, and positive semidefinite matrices.

1 Inner products, and norms

We work with n-dimensional Euclidean space R™. The elements in R™ are called points or vectors of dimension
n. We also work with the space of real m x n matrices R™*". Each element (matrix) in R™*" can be viewed
as a collection of n vectors in R™. Meanwhile, a matrix in R™*"™ can be seen as a linear operator from R™
to R™.

1.1 Inner products

Definition 2.1 (Inner product). A function (-,-) : R™ x R™ — R is called an inner product if

1. {z,x) >0 and (z,x) =0 =z =0 (positivity);

2. (z,y) = (y,z),Yo,y € R" (symmetry);

3. (v +y,2) = (x,2) + (y,2),Vz,y, 2 € R™ (additivity);
4. {ex,y) = clx,y),Va,y € R", c € R (homogeneity).

The properties of additivity and homogeneity in the second argument follows from the symmetry property,
c(x,y),Vo,y € R" ¢ € R. Property (4) indicates that (0,2) =0 x (0,z) = 0,Vz € R".

The standard inner product on R” is
n
(x,y) =2y = inyi, Vz,y € R™.
i=1

The standard inner product on R™*" is

(X,Y) =trace(XTY) =Y Y X;;¥i;, VX, Y e R™,

j=1i=1

—_
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where trace(Z) denotes the trace of a real matrix Z € R™*", i.e., trace(Z) = Y., Z;;. Note that the inner
product of two matrices in R™*™ is the same as the standard inner product between two vectors of length
mn obtained by stacking the columns of the two matrices: denoting these two vectors as vec(X) € R™" and
vec(Y) € R™ we have (X,Y) = vec(X)Tvec(Y).

Example 2.1 (Weighted inner products). There are many other inner products on R™. For example, any
symmetric matriz Q with positive eigenvalues (which is a positive definite matriz; see can be used
to define an inner product (x,y) = x'Qy. This is known as a weighted inner product. A concrete example
on R? is
2 -1
Q= [_1 9 } = (z,y) = 221y1 — T1Y2 — Tay1 + 222Ys.

Properties (2), (3), (4) in|Definition 2.1| are obvious. We verify the positivity as follows
(x,r) = 222 — 2x129 + 225 = (21 — 29)2 + 27 4+ 22 > 0,Vz € R?,
(,7) =0 (r; —22)* =0,27 =0,25 =0 & 2 = 0.

The usual inner product is same as choosing Q = 1. O

Two vectors = and y are called orthogonal if (x,y) = 0. Given any inner product, we define the length of
z € R as ||z = \/(x,z) (which is a norm; see [Lemma 2.2)). For the usual inner product, this is also called
the Euclidean norm, or I norm, denoted as ||z|js = VaTz = (22 + ... + z2)V/2

Lemma 2.1 (Cauchy—Schwarz inequality). For any z,y € R™, we have

[z, )| < [l/lllyll- (1)

The equality is achieved if and only if x and y are linearly dependent, i.e., there exist a, 3 € R not all zero
such that ax + By = 0.

Proof. Given any z,y € R™, define a real function p(t) = (tx—+vy, tx+y). By properties (2)-(4) in|Definition 2.1
it is easy to verify

p(t) = |z[* + 2t(z, y) + |1yl
which is a quadratic function in ¢. By property (1), we know p(t) > 0,Vt € R. Thus, the discriminant
satisfies A := 4(x, y)? — 4| z||?||y||* < 0. This is the same as (I]).

It remains to prove that A = 0 is equivalent to the condition that = and y are linearly dependent. If x or y or
both are zero, we obviously have |(x, y)| = 0 = ||z||||y]|. Suppose they are both nonzero, we can write y = oz,
then |(z, )| = [tol 1212 = |lz]|y]l. Conversely, if A = 0, we have (z,y) = |z]|ly]l or (,4) = —[zlyll. We
focus on the former case (the latter case follows the same argument), in which we have p(t) = (t||z| + ||y||)*.
If x # 0, we let to = ||y||/||z||, which leads to

0 =p(—to) = (~tox +y,—tox +y) = y = tox.

If x = 0, then = and y are obviously linearly dependent. We now complete the proof. O

We note that Cauchy—Schwarz inequality holds for any inner product (x,y) and its induced length ||z| =
\/ (x,z). As in [Example 2.1|, given any symmetric matrix ¢ with positive eigenvalues, we have

12TQy| < VaTQx\/yTQy, Vr,y € R™

1.2 Vector norms

We define a generalized length of a vector x € R™ below.
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Definition 2.2 (Vector Norm). A function f: R™ — R is called a norm if

1. f(z) >0,V € R" and f(z) =0< x =0 (positivity);
2. f(Ax) = |A|f(x),Vz € R", X € R (homogeneity);

3. flx+y) < f(x)+ fly) (triangle inequality).

We use the notation f(z) = ||z|| to denote a norm. When specifying a particular norm, we use ||z ||symp in
which the subscript indicates which norm is meant. Note that property (2) indicates || — x| = ||z||, and
property (3) also implies that ||z — y|| < ||z|| + ||y]|.

A simple example of a norm is the Euclidean or /3-norm, defined above in Another two frequently

used norms on R" are

e the sum-absolute-value, or l1-norm, defined as ||z||; = |z1]| + -+ + |2nl,

e the Chebyshev or lo-norm, defined as ||z||co = max{|x1|,...,|za|}.

These three norms are part of a family of so-called l,-norm (with p > 1), defined as
Izllp = (1P + - + n[?) /7. (2)

When p = 1, we get the [; norm, and when p = 2, we get the Euclidean or ls-norm. It is easy to see when
p — 00, we get the [, norm. Note that if 0 < p < 1, then does not define a norm. In particular, the
triangle property does not hold. For example, let z = [1,0]T and y = [0,1]T, we have

lz +yll, = 2!/P > 2 = ||x||p + Hpra ifo<p<l.

In many applications, we are interested in the number of non-zero elements in x € R”: defining 0° = 0, the
“zero or lp norm” of z is ||z|lo = 21| + -+ + |2,]°. Again, this “lp norm” is not a norm because it is not
homogeneous (we have || Ax||o = ||z]lo, VA # 0).

In addition to l,-norm, any inner product on R™ can be used to define a norm.
Lemma 2.2. Given any inner product (-,-), let f(x) = \/{(z,x). Then, f(x) is a norm.
Proof. Positivity follows from [Definition 2.1(1). Homogeneity can be seen from

fOz) = /O, Ax) = X2z, ) = |\ f(z).

The triangle inequality is from Cauchy-Schwarz inequality. Let ||| = \/{(x,x). We have

(@ y) <lzllllyll = 2(z, ) + (2, 2) + (v, 9) < 2||z[lllyll + (z, z) + {y,9)
= (z+y,x+y) < ( T, z) + )2
= fl@+y) < fl@)+ f(y).
This completes the proof. O

Example 2.2 (Quadratic norms). Similar to [Example 2.1, an important family of norms are the quadratic
norms. Given any symmetric matriz QQ with positive eigenvalues, we define the Q-quadratic norm as

lzlle = VaTQa.

By the definition of symmetric square root QY/? (see|Section 2.1)), it is easy to see that the Q-quadratic norm

is related to the lo norm as ||z|lqg = Q2] |
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If a norm ||z|| is induced by an inner product (-,-), then we have the parallelogram identity
2llzll* +2[ly1* = ll= + ylI* + = = yl?, Va,y € R (3)
This can be easily verified by observing that

lz+ylI* = (@ +y,2 +y) = 2]* + 2(z,9) + Iyl
lz = ylI* = (& =y, 2 —y) = [|l=]* — 20w, y) + lyll*.

A remarkable fact is that any norm satisfying the parallelogram law arises from an inner product B

Theorem 2.1. A norm ||z|| is induced by an inner product x| = \/(x,z) if and only if the parallelogram
identity holds.

When holds, the inner product can be constructed as (z,y) = i(”x +y||* — ||z — y||?). We note that not
every norm comes from an inner product. For example, for the [, norm only when p = 2, it arises from
the usual inner product (x,y) = x7y. The [; and [, norms do not come from any inner product. It is easy
to find examples for which fails for {; and [, norms. The following norm is a mixture between [; and
loo norms: letting k € {1,...,n}, we define ||z|j1 1 = Zle 2|1, where |z[(; denote the i-th largest absolute
value of elements of 2z € R™. This norm ||z||1,; also makes|(3)|fail.

1.3 Matrix norms

Matrix norms are functions f : R™*"™ — R that satisfy the same properties (positivity, homogeneity, triangle
inequality) of the vector norms in [Definition 2.2} Three common norms on R™*™ are element-wise defined
as follows

o the Frobenius norm [|Allr = /trace(ATA) = (37, Y57, A?j)1/2;
o the sum-absolute-value norm [|Allsay = >0 D377 [Ajj;

1=

e the max-absolute-value norm ||A||may = Max;—1, . mj=1,....n |Aij|-

These three norms coincide with the Euclidean, I, I, norms of vec(A) € R™" respectively. However, it
should be careful that the I, (with p = 1,2, 00) norm of a matrix is different from its element-wise defined
version |[vec(A)||p, as we define it below.

Another frequently used class of matrix norms are the operator (or induced) norms.

Definition 2.3 (Operator norms). An operator or induced norm || - |[ap : R™*™ — R is defined as
Allap = Az 4
Al = [ Asl @
where || - ||a s a vector norm on R™ and || - ||» is a vector norm on R™.

It can be verified that defines a norm on R™*" (positivity and homogeneity are obvious, and triangle
inequality comes from [|(A + B)z||a < ||[Az|a + || Bz|a)-

When the same vector norm is used on both spaces R™ and R", we write

[Alle = max - [[Az].
lefle<1

Accordingly, the I, norm on vectors lead to the I, operator norm on matrices R"*":

Thttps://math.stackexchange.com/questions/21792/norms-induced-by-inner-products-and-the-parallelogram—law
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e If both || - || and || - || are the I3 norm, the operator norm of A is its maximum singular value:

[All2 = 1/ Amax (AT A),

where Apax(-) denotes the largest eigenvalue of a symmetric matrix. This norm is also called the
spectral norm or lo norm of A € R™*™,

e If both || - ||, and || - ||p are the I; norm, leads to the maz-column-sum norm
m
4= e, 314
e If both || - || and || - ||p are the I, norm, we get the maz-row-sum norm

n
1Al = max | Ayl.
1=1,....m

j=1
Lemma 2.3. FEvery induced norm is submultiplicative, i.e.,
[ABlle < |Allel|Bllc, VA €R™ " BeR"™®

Proof. By the definition [|All. = max,| <1 [|A7|c, we have [|Az|. < [|Allc]|z]lc, V2 € R"™. Therefore, the
following inequality holds

|AB|c = max [|[ABz[lc < max |[Allc[|Bzll
llzlle<1 llzll.<1
= [[Alle max [|Bz|c = [[Allc]|Bll-
lzlle<1
This completes the proof. O

is true for operator norms induced by the same vector norm in all three spaces R™,R™ and RP.
Otherwise, the submultiplicative property may fail.

Example 2.3. Not every matrix norm is an induced norm. For example, the Frobenius norm is not an
induced norm. This is because for any induced norm, we have ||I||. = 1, while ||I||r = /n.

Not all matriz norms are submultiplicative. For example, the max-absolute-value norm ||A||maw does not
satisfy the submultiplicative property. Consider

11 2 |2 2
AL 1]"4[2 2}
Then, || A?||maw = 2 > 1 = || A2

mav*

Finally, not all submultiplicative norms are induced norms. An example is the Frobenius norm for which we
have

|ABle < |All¢|Bllr, VA€ R™" B R™P. (5)
This inequality comes from the Cauchy-Schwarz inequality . O

Note that Apax(ATA) < trace(ATA) (see [Lemma 2.5|in [Section 2.2), thus we always have ||A]|s < ||A]lr. A
better bound than is

|ABr < |All2]|Blle, VA €R™ " B e RV,

which can be proved as follows: let b;,i = 1,...,p be the columns of B, and we have

p p p
IABIZ = > 11Abill3 < > IlAISI0:03 = 415 D lIball3 = I AI3] Bl
i=1 i=1 i=1
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1.4 Dual norms

Dual norms are also very frequently used.

Definition 2.4 (Dual norms). Let || - || be any norm on R™. Its dual norm is defined as
T
z||« = max x'y. 6
ol = max o7y ©)

The dual norm is indeed a norm. Positivity and homogeneity are straightforward, and the triangle inequality
follows from the fact

|2+ 2]l = max (z+2)Ty < max 2"y + max 2"y = [|2]l« + ||z]|«-
llyll<1 llyll<1 llyll<1

The dual norm @ can be considered as the operator norm of z7 that is a matrix of dimension 1 x n,
with || - || on R™ and the absolute value |- | on R. Some common examples are

e The dual of the Euclidean norm is the Euclidean norm:

.
max x = ||T
ezt Y 2,

since 2Ty < ||z/|2]|y|l2 by the Cauchy-Schwarz inequality (Lemma 2.1)).

e The dual of the [; norm is the I, norm:

max ‘TTy = max{|;v1\7. ) |xn|} = H‘T”OO
llylla<1

e The dual of the [, norm is the {; norm:

max z'y=|z1|+- + |za| = |21
lyllo<1

Note that these three dual norms are consistent with the I, operator norms of z7 € R, discussed before
More generally, the dual of the I/, norm (where p > 1) is the the [, norm, with ¢ satisfying
1/p+1/q = 1. By construction, we have the following inequality, which can be considered as a generalized
Cauchy-Schwartz inequality.

Lemma 2.4. Consider any norm || - || and its associated dual norm || - ||« on R™. We have

y"2l < lolllall.. ¥y <R -

This result is directly from the definition @ For example, we have |y"z| < ||y[1]|7|lcc. In the norm
|| - || and its dual norm || - ||, may not be associated with an inner product (see [Theorem 2.1J).

We conclude this section by discussing the dual norm of the ls or spectral norm on R"*™

[ X2+ = max trace(YTX),
IYll2<1

which can be shown to be the sum of the singular values
[Xll2x = 01(X) + ... + 00 (X),

where r = rank(X). This is also known as the nuclear norm. It can be verified that || X||p = (0?(X)+...+
52(X))/2, thus we have [|X|> < X[ < [|IX ||
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Remark 2.1 (Intuition behind dual norms). We can consider the dual norm ||z||. = max),<i ="y as the
operator norm of 1 which is a matriz of dimension 1 x n. Then, the dual norm ||x||. can be viewed as the
mazimal stretch of the linear map x7 when it is applied to any vector in R™ (again we need to define a norm
in R™ first).

o When we consider 2 norm, we have ||All2 = omax(A4) (the mazimal singular value). For any vector

x € R™, the maximal singular value is its 2 norm ||x||2 = \/23 + ... + 22.

o When we consider 1 norm, ||Alj1 = maxj—1,n Y iy |Aij|, which is the mazimum column sum. The
mazimum column sum of 1 is just its inf norm. So ||z|l1.« = ||Z 0o

o When we consider inf norm, ||Allcc = max;=1,._m 27:1 |Ai;|, which is the mazimum row sum. The
mazimal row sum of " is just its 1 norm. So ||z|leox = ||z||1-

Another way to see dual norms is that it gives a measure of the size of the linear function f(z) = x"y for
any y € R™. In particular, how big is the number f(x) = x"y relative to the size (norm) of y? We can see
it 18

Ty
Iyl
Now, we want to see the maximum size of this, which is
2T
max —-,
lyliZo [lyll
This is the same as the definition of dual norms in @ E| |

2 Positive semidefinite matrices

One central object in semidefinite optimization is the set of positive semidefinite matrices. In this section,
we collect some basic facts and properties.

2.1 Basic facts

We let S™ denote set of real symmetric n X n matrices, and I,, denote the identity matrix of dimension n x n.
A fundamental property of any real symmetric matrix A € S™ is that it has all real eigenvalues and a set of
real eigenvectors vy, ..., v, forming an orthonormal basis of R™. This is known as the spectral decomposition
theorem, one of the most important properties about real symmetric matrices.

Theorem 2.2 (Spectral decomposition theorem). Let A € S™. Then, we can write A as

AL
A2
A= [Ul (% Un:l . [Ul vz ... Un:lT ’ (8)

An

where A\i,..., A\, € R are the eigenvalues of A, and vy, ...,v, are the corresponding eigenvectors that form
an orthonormal basis of R™.

Another convenient way to look at m s A=3Y", A;v;v] which is in the form of rank-one decomposition.
Let V € R™ ™ be an orthogonal matrix with v;’s as its columns, and D be the diagonal matrix with \;’s on
the diagonal. We can also read |(8)[as A=VDVT with V-1 =VT (or VVT =VTV = [,,).

%https://math.stackexchange.com/questions/903484/dual-norm-intuition
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Another fundamental result in linear algebra states that if a set of symmetric matrices A, ..., A,, commute
with each other (i.e., A;A; = AjA;,Vi,j = 1,...,m), then they have a common set of eigenvectors, which
implies that they can be “simultaneously diagalized”,

A, =VAVTi=1,....m,

where V' is a common orthogonal matrix and A; is a diagonal matrix with the eigenvalues of A; being the
diagonal entries.

Let S" (resp. S},) denote the set of positive semidefinite (resp. definite) matrices, i.e., the set of real
symmetric matrices with nonnegative (resp. strictly positive) eigenvalues. Throughout this course, we shall
use the following notations

A0 & AeS} & Ais positive semidefinite,

and
A=0 & AcSY, < Ais positive definite.

We have the following characterizations for S% and S% , .

Theorem 2.3 (Positive semidefinite matrices). Let A € S™. The following statements are equivalent.

1. AeSt.

2. Its spectral decomposition has the form A = Z?Zl )\wiviT with all \; > 0.

3. T Az > 0,Vz € R™.

4. There exists a lower triangular matriz L € R™ ™ such that A = LL" (Cholesky factorization,).
5.

All principle minors of A are nonnegative, i.e., det(A[S,S]) > 0 for any nonempty S C {1,2,...,n}
where A[S, S] is the submatriz of A consisting of the rows and columns indexed by S (Sylvester crite-
rion).

Proof. The equivalence between (1) and (2) is by definition. The direction (1) = (3) is observed from the
fact

wT A =o' (Z Aww?) x = Z Ni(vf2)? >0, Vo € R™.
i=1 i=1

The converse holds by observing that v Av; = \;||v;]|> > 0 implies A; > 0 for all i. The equivalence (1) <
(5) can be found in any standard textbook on linear algebra.

We discuss the equivalence (1) < (4). The Cholesky factorization of a positive semidefinite matrix A = LLT
requires a lower triangular matrix L. If one only seeks for a matrix @ € R"*" such that A = QQT, then we
can choose the ith column of Q as v/\;v; from the spectral decomposition of A in where \; > 0 when
A = 0. Let g; be the i-th column of QT. Applying the Gram-Schmidt orthogonalization process, we can find
another orthonormal basis uy,...,u, and a lower triangular matrix L € R™*"™ such that ¢; = 2221 Liju;,

ie., QT =ULT where U = [uy,...,u,]. Then, we have
A=QQT=LUUL" = LLT,

which proves (1) = (4). The converse holds true since 2" Az = 2" LLTz = (LTz)T(LTz) > 0,Vz € R*. O

Note that in the discussion for (1) < (4), we can further make Q = QT by choosing

Q = leag(\/)‘»lu AR \/E)VT7

which leads to A = Q? since VTV = VVT = I,,. In this case, we denote the symmetric square root of
A as AY? = @Q = 0. Upon letting Q7 = [q1,---,qn) that satisfies A = QQT, we have Ay = qiqu for all
i,j =1,...,n. These vectors qi,...,q, are also called a Gram representation of A.

The interior of S} are the set of positive definite matrices.
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Theorem 2.4 (Positive definite matrices). Let A € S™. The following statements are equivalent.

1. AeSh,.
2. Its spectral decomposition has the form A = Z?:l )\iviviT with all A; > 0.
3. 2T Az > 0,Vx € R"\{0}.

4. There exists a lower triangular matriz L € R™ ™ with Ly > 0,i = 1,...,n such that A = LL"
(Cholesky factorization).

5. All leading principle minors of A are strictly positive, i.e., det(A[S,S]) > 0 for S = {1,...,k},k =
1,...,n (Sylvester criterion).

The Sylvester criterion in | ﬁeorems 2.3 and indicates that A € S and A € S are defined by a set of
polynomial inequalities on its element A;;. For example, consider

A:[g j

We have A>-0<a>0,ac—b>>0,and A > 0<a>0,¢c>0,ac—b> > 0. Consider

a b c
A=1|b d

c e
We have A = 0 < a > 0,ad — b2 > 0,det(A4) > 0, and

a>0,d>0,f>0,
A=0&ad—b*>>0,af —c®>0,df —e* >0,
det(A) > 0.

2.2 Basic operations
The trace of a square matrix is a linear mapping, i.e.,
trace(aA + BB) = atrace(A) + ftrace(B),Va, 8 € R, A, B € R™*".
The trace also satisfies the following properties trace(A) = trace(AT),YA € R"*" and
trace(AB) = trace(BA), VA e R"*™ B e R™*". 9)
The last property [(9)] indicates that trace(uu’) = uTu = [ul?>,Yu € R"™. Together with the spectral

decomposition theorem (Theorem 2.2)), it is easy to see that the trace of A € S™ is equal to the sum of its
eigenvalues.

Lemma 2.5. Let A € S™ with eigenvalues A1, ..., A, € R. We have trace(A) = A1 + ..., An.

Proof. By the spectral decomposition theorem A =3"" | \iv;v] , we have

trace(A) = Z)\itrace(vfu:) = Z Nil|vil|? = Z Ais
i=1 i=1 i=1

which completes the proof. O



10 Lecture 2: Mathematical Background

We note that the trace property in indeed holds for any square matrices R"*" (not necessarily
symmetric)ﬂ Further, the determinant of a square matrix is the product of its eigenvalues.

Lemma 2.6. Let A € R™*™ with eigenvalues Ay, ..., \, € C. we have
n n
trace(A) = Z Ai,  det(A) = H i
i=1 i=1

For symmetric matrices A, B € S™, their inner product is given by

n
(A, B) = trace(A" B) = trace(AB) = Z A;jB;j.
i,j=1
We further review two useful facts about positive semidfinite matrices.

Lemma 2.7. Let P € R™ " be an invertible matriz. Then,

AeSt & PAPT €S, and A€S}, & PAPT ST,
Proof. If A € S, then y"PAPTy = 2T Az > 0,Vy € R", where + = PTy, which implies PAPT € St
Conversely, if PAPT € S%, then 2" Az = yTPAPTy > 0,Va € R", where y = (P~!)Tz since P is invertible.
Thus, A € S%.

The equivalence A € S, < PAPT € S, can be proved similarly. O

Definition 2.5 (Schur complement). Consider a symmetric matriz X € S™" partitioned as

X = [;T 5] , (10)

with A € S*, B € R™*™ (C € S™. If A is non-singular (i.e., det(A) # 0), the matriz C — BT A™'B is called
the Schur complement of A in X.

Lemma 2.8. Consider a block-partitioned matriz X in|(10)| Suppose A is non-singular. Then, we have

1.X>0 < A>0and C - BTA'B > 0;

2. X0 A=0andC—-BTA B> 0.

We end this lecture with a useful property of the kernel of a positive semidefinite matrix. Recall that the
kernel (or null space) of a matrix A € R™*™ is the subspace

ker A = {x € R" | Az = 0}.
Lemma 2.9. Let A be a positive semidefinite matriz. Then, we have

Az =0 & z' Az = 0.

Proof. The direction = is obvious. Consider the converse direction. Let A1,..., A, be the eigenvalues of
A and vy,...,v, € R™ be the corresponding orthonormal eigenvectors. Then, we can write the vector z in
terms of vy,...,v, € R™ as

x=av1 + -+ apu, = Vdiag(aa, ..., an),

3See proofs https://www.adelaide.edu.au/mathslearning/ua/media/120/evalue-magic-tricks-handout.pdf,
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where V' = [v1,va,...,0,]. Now, it is straightforward to verify that

0 =2" Az = diag(ay, ..., a,)V' Vdiag(Ai, ..., \)V T Vdiag(ai,. .., a,)

A

n
2 : 2

= /\iai.
i=1

Then, we have «; = 0 whenever \; > 0. This indicates that = is a linear combination of the eigenvectors
corresponding to A; = 0. Therefore, we have Ax = 0. O

A direct application of is the following fact.
Lemma 2.10. Let A= LTL where L € R**"™. Then we have ker A = ker L, and thus

rank(A) = rank(L) < min{k, n}.

Notes

For more mathematical background materials, see |1, Appendix A] and [2, Chapter 1].
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