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Learning goals:

1. Basic topology in R"
2. Convex sets and examples
3. Separating hyperplane theorems

4. External and internal representations

The notion of convexity is essential in semidefinite and sum-of-squares optimization. In Lectures 3 and 4,
we review some basic elements of convex analysis. More comprehensive treatments can be found in many
convex optimization books, e.g., [1, Chapter 2], |2 Chapter 2].

1 Basic topology in R"

1.1 Open and closed sets

The (Euclidean) ball with center x € R™ and radius r € R is
Bz,r) ={y e R" | [ly — z[la <r}.

Given a set C C R"™, a point z € C is an interior point of C if there exists an ¢ > 0 such that B(xz,¢) C C,
i.e., there exists a ball centered at x that belongs to C. We denote the set of all interior points of C as int C'.

A set C C R" is called open if C = int C, i.e., all points in C are interior points. A set C is closed if
its complement R™ \ C = {x € R" | « ¢ C} is open. The closure of C, denoted as clC, is the smallest
closed set that contains C'. We can also characterize closed sets in terms of convergent sequences and limit
points. A set C' € R™ is closed if and only if every converging sequence of points in C has its limit point in
C. The closure of C is the closed set that contains all limit points of convergent sequences in C'.

The boundary of the set C' is defined as 0C' = ¢l C'\int C. In other words, for any point « € 9C, an arbitrarily
small ball B(z,€),Ve > 0 contains points in C' and points outside C. For example, the boundary of the unit
ball with a center 0 is the unit sphere

0B(0,1) ={z e R" | 2Tz = 1}.

This is often called the (n — 1)-dimensional unit sphere, denoted as S"~1.

A set C' € R™ is compact if every sequence in C has a subsequence that converges to a point in C. The set
C' is compact if and only if it is closed and bounded.
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1.2 Affine subspaces and relative interior

A subspace in R™ is a non-empty subset V' C R™ that is closed under sums and scalar multiplication (i.e., if
u,v € V, then u+v € V, and au € V,Va € R). For example, the span (or linear hull) of a set of vectors
x; € R"i=1,...,m, defined as

span(zl,...,xm){ZaixiaiGR,il,...,m} (1)

i=1

is a subspace in R™. The basis of a subspace V' C R" is a set of independent vectors whose span equals to
V. The number of vectors in the basis is called the dimension of V.

A subset A C R" is called an affine subspace if we can write it as
A=zo+V=A{zo+ylyeV} (2)

where g € R™ and V' C R” is a subspace. The dimension of an affine subspace A is defined as the dimension
of V.

Example 3.1. One-dimensional affine subspaces are lines: a line is a set of the form {0z + (1 — )y €
R™ | € R}, where xz,y € R™ are two points, and (n — 1)-dimensional affine subspaces are hyperplanes: a
hyperplane is a set of the form

H={xcR"|c'z =0} (3)
where ¢ € R™ \ {0} is the normal of H and b € R. Given any point xy € H, can also be represented as
H={zeR"|c(z—1z0) =0} O

From [(2)} it is clear that an affine set contains every affine combination of its points: If A is an affine set,
T1,...,0, € A, and a3 + ...+ a = 1, then ayxy + ... + agzg € A. The affine hull of an arbitrary set
C CR", denoted as aff C, is the set of all affine combinations of its points

af C ={ajx1 + ...+ g | 21, ., a, €Coar + - +a, =1,k > 1}

The affine hull is the smallest affine subspace that contains C. The dimension of C' C R" is defined as the
dimension of its affine hull.

A set C C R™ is called full dimensional if its dimension equals to n, ie., aff C = R™. A set C is full
dimensional if and only if its interior is non-empty. For example, any ball B(z,r) with radius r > 0 is full
dimensional. If the dimension of C' is smaller than n, then C' does not have any interior point, i.e., int C = ().
In this case, we are interested in its interior relative to its affine subspace aff C. The relative interior of C is
defined as

relint C' = {z € C' | B(z,e) Naff C C C, for some € > 0}.

2 Convex sets

2.1 Basic properties

Definition 3.1. A set C C R" is called convex if for any z,y € C and any 0 with 0 < 0§ < 1, we have

Oz + (14 0)y € C.

In other words, a convex set contains the line segment between any two of its points.
A convex combination of points x1,xsa,..., T, is a point of the form

ayry + -+ amTy,, whereay +---+a,, =1,0; >0,i=1,...,m.
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Figure 1: Some simple convex and nonconvex sets (images from |1, Figgure 2.2]).

A convex set contains all convex combinations of its points.

The convex hull of an arbitrary set C' C R”™, denoted as conv C, is the set of all convex combinations of its
points

convC ={oqgz1 + ...+ @y |2, € Coo; > 0,i=1,...,m,a1 + -+ + @y = 1} (4)
The convex hull of the set C' is the smallest convex set that contains C, i.e., the intersection of all convex
sets containing C,

conv(C = ﬂ B. (5)

CCB, Bis convex

illustrates the definition of the convex hull.

Figure 2: The convex hulls of two sets in R? (images from [1, Figure 2.3]).

In resp.), we present an “internal” (“external”, resp.) representation of the convex hull of the set
CeR™ In we will further discuss these two aspects of convex sets. Note that in we considered
all convex combinations of its points of C', i.e., any number m and any selections of m points. In fact, the
value of m can be restricted. The Carathéodory theorem asserts that the number of points m need not be
larger than n + 1.

Theorem 3.1 (Carathéodory). Let C C R™. Then, every point in conv C is a convex combination of at most
n+1 points in C, i.e., if x € conv C, there existx; € C and o; > 0,i =1,....,n+1 withay +---+apy1 =1,
such that

=021+ + Qpp1Tp1-

In we will further show that every point in convC can be represented by some special points if
conv C' is compact (i.e., closed and bounded).

Another useful property is that a convex set with an empty interior can be embeded into a lower dimensional
affine subspace.

Lemma 3.1 ( Lemma 2.9]). Let C C R"™ be a convex set. Then int C' = 0 if and only if it is contained in
an affine subspace with dimension at most n — 1.

2.2 Examples

We start with some simple examples that are convex.
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e By definition, any subspace and affine subspace contain the entire line between any of its two
points, so they are convex (of course they contain the line segment between any of its two points). For
example, R™ is convex.

e Any line, which has the form of {z + (1 — )y | 6 € R} where z,y € R", is a one-dimensional affine
subspace, so it is convex.

e A half line, i.e., a ray, which has the form of {xg + v | 6 > 0} where zg,v € R™, v # 0, is convex.

e Any hyperplane H = {x € R" | ¢z = b} where ¢ € R",c # 0,b € R is an (n — 1)-dimensional affine
subspace, so it is convex.

e A hyperplane H splits R” into two halfspaces HY = {z € R" | ¢z > b} and H~ = {x € R" | ¢z < b}.
The interior of H~ is {x € R™ | ¢'z < b}, which is called an open halfspace. Halfspaces (closed or
open) are convex.

We next discuss a few other common examples that are convex.

e Given any norm ||-|| on R™, a norm ball with radius r > 0 and center ¢, given by {z € R" | [[z—x.| < r}
is convex: if ||z — x| <7, ||lwe — x| < r, and 0 < 6 < 1, we have

1021 + (1 = O)zg — el = [|0(1 — ) + (1 = O) (22 — )|
<Oy —we| + (1= 0) w2 — ]
<,

where we have applied the homogeneity property and triangle inequality for norms.
e In particular, the unit /,-ball, defined as
By ={z e R" | [|lz]l, <1},

is convex for p > 1. When p = 1, B} is called the cross-polytope; when p = 2, By is known as the unit
Euclidean ball, and if p — oo, B = [—1,1]" is called the n-dimensional cube.

N
1 _
0~ _—

-1

T2 )

Figure 4: The unit balls in R with norms I; (left), I (center), and I, (right).
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e Similarly, given any norm || - || on R™*™, the norm ball {X € R™*"™ | | X — Xo|| <r} is convex.

As one central object, the set of positive semidefinite matrices S’} is convex: if X; € ST, X, € §7,0<60 <1
then we have
2T (0X) + (1 - 0)X2)z = 02" Xy + (1 — 0)z" Xox >0, Vo € R™,

confirming 0.X; + (1 — 0) X, € S’} Similarly, the set of positive definite matrices ST}, is convex.

The second-order cone {(z,t) € R"*! | ||z|2 <t} is convex. This is also known as “ice-cream cone”.

() (b)

Figure 5: (a) Boundary of second-order cone in R?: {(x1,x2,t) | (3 +23)'/2 < t}. (b) Boundary of positive
semidefinite cone §2 := {X = E Z] |2 >0,2> 0,22z —y* > 0} (images from [1, Figures 2.10 & 2.12]).

As another central object, the set of univariate nonnegative polynomials, defined as
{(ag,a1,...,a,) € R | ag +arz+ ...+ apz™ > 0,Ve € R},

is convex (the verification is straightforward). For example, when n = 2, the set of univariate nonnegative
quadratic polynomials is {(ag,a1,a2) € R3 | ag + a12 + agz?® > 0,Vx € R} = {(ag,a1,a2) € R3 | ay >
0,a? — 4azag < 0}.

Finally, a polytope in R™ is the convex hull of finitely many points zg,...,Z,, € R™, which is convex by
definition.
e If these m+1 points are affinely independent, meaning that x1—=zg, .. ., T, — o are linearly independent
(thus m < n), the convex hull conv{zy,...,z;,} is called an m-dimensional simplex in R™.

e The unit simplex is the n-dimensional simplex generated by the zero vector and the unit vectors, i.e.,
0,e1,...,e, € R™ which can be expressed as {x e R" |z + -+ 2, <1,z; >0,i=1,...,n}.

e The probability simplex is the (n — 1)-dimensional simplex generated by the unit vectors, which is
{zeR" | o1+ -+, =12, >0,i=1,...,n}

2.3 Intersection and affine functions

We here discuss two important operations that preserve convexity. First, convexity is preserved under the
operation of intersection: if C; and Cs are convex, then C; N Csy is convex. This property extends to the
intersection of an arbitrary number of sets.

Lemma 3.2. Let I be an arbitrary index set. If the sets C; € R™,i € I are convex, then C = (,.; C; is
CONVEL.

This property allows us to easily establish the convexity of some common sets.



6 Lecture 3 & 4: Review of Convexity (I)-(II)

Example 3.2 (Polyhedra). A polyhedron is defined as the solution set of a finite number of affine inequalities
and equalities
P={xeR"| a]Ta:Sbj,j: 1,...,m,cJTa::dj,j:1,...,p}, (6)

which is convex, since it is an intersection of a finite number of halfspaces and hyperplanes

m p
P= m{meR" |ajz < bj} ﬂ{wER" | c]x =d;}.
Jj=1 J=1

When a polyhedron P is bounded, then it is a polytope, i.e., it can also be represented by a convex hull of
finitely many points, i.e., P = conv{zy,...,xr} for some value of k. In general, any polyhedron P in (@
can also be represented in the form (and vice versa)

Given a polyhedron P, @ can be considered as an external representation and can be considered as an
internal representation. These two representations can, however, differ significantly in size for the same
polyhedron P. |

Example 3.3. The set of positive semidefinite matrices can be represented as
St =({Aes"|2TAz >0},
z#0

which is an intersection of infinitely many halfspaces in S™, indexed by each v # 0 as {A € S* | 2T Az > 0}
(note that f(A) = 2T Ax is a linear function in A € S™). Thus, S is convex. Similarly, the set of univariate
nonnegative polynomials can be written as

({(ao,a1,...,an) €R™™ | ag + a1z + ...+ ana™ > 0},
z€R
which is an intersection of infinitely many halfspaces in R™1, and thus it is convex. O

In the examples above, we establish convexity of a set by expressing it as an intersection of (possibly infinite)
halfspaces. Indeed, we will discuss in [Section 4] that every closed convex set C' is an intersection of (usually

infinite) halfspaces (Theorem 3.8]).

Another useful operation that preserves convexity is via affine functions. Recall that a function f : R — R™
is affine if it has the form f(x) = Az 4+ b, where A € R™*" b € R™.

Lemma 3.3. Let C C R" be a convex set.

1. If f : R™ = R™ is an affine function, then the image of C under f, defined as f(C) = {f(z) € R™ |
x € C}, is convex in R™.

2. If f: RF = R"™ is an affine function, then the pre-image of C under f, defined as f~1(C) = {z € R¥ |
f(z) € C}, is convex in R¥.

Proof. For statement (1), let y1,y2 € f(C). There exist x1,x2 € C such that y1 = f(x1), y2 = f(z2). Then,
for any 0 < 6 < 1, we have

Oy1 + (1 = O)y2 = 0 f(x1) + (1 = 0) f(x2) = f(x1 + (1 = O)x2) € f(C),
where we have applied the affine property of f(x) and the convexity of C.
For statement (2), let 21,22 € f~(C), meaning that f(z1), f(22) € C. Then, for any 0 < # < 1, we have
flz1+ (1 —=0)z2) =0f(z1) + (1 —0)f(22) € C.
This finishes the proof. O
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Let us discuss a few affine operations below.

e Scaling and translation are two simple affine operations: if C' C R™ is convex, then for any o € R,a €
R™, the sets
aC ={ax |z € C}, C+a={z+a|zeC},

are both convex.
e The Minkowski sum of two convex sets Cp,Cs C R"™ preserves convexity:
Ci+Cy = {561 +xz9 € R® | T € 01,582 c C}

The set C + Cs is the image of the direct (or Cartesian) product C; x Cy = {(z1,22) € R®" | 2 €
Cy,x9 € Co} (that is convex) under the linear function f(x1,z2) = 1 + 22, thus it is convex.

e The projection of a convex set onto some of its coordinates is convex: if C' C R™ x R" is convex, then
its projection onto the first m coordinates

S ={x1 € R™| (x1,22) € C for some x5 € R"}
is convex. The set S can be seen as the image of C' under the linear function f(x1,z2) = 2140 xn X T2,

and it is thus convex.

We end this section by noting that the solution set of a linear matrix inequality, given by
Alz) = Ao+ @141 + - + 2,45, X0,

where A; € S",i = 0,...,n are given symmetric matrices, is convex. The set {z € R" | A(z) < 0} can be
viewed as the pre-image of S} under the affine function f(z) = —A(x).

3 Separating hyperplane theorems

In this section, we introduce several fundamental results on separating hyperplanes for convex sets. Let us
first present the definitions of separating hyperplanes.

Recall that a hyperplane is in the form of H = {z € R" | ¢"z = b}, where ¢ € R \ {0} is the normal vector
of H and b € R. Note that when H passes through a point zy, we have b = ¢'zy. This hyperplane H splits
R™ into two closed halfspaces

HYt={zeR"|c'z>0b}, and H = {z € R" | c'z < b}.

A hyperplane H is said to separate two sets C C R™ and D C R"™ if they lie on different sides of H, i.e.,
CCHT, DCH™ (or CC H~,DC HT"). In other words, the sets C C R" and D C R" are separated by
a hyperplane if there exist a non-zero vector ¢ € R™ and a scalar b € R such that

'z—b>0,YreC, and c'z—b<0,VzeD. (8)
The separation is said to be strict if the inequalities are both strict, i.e.,
' —b>0,YeeC, and ¢'z—b<0,VzeD. (9)

Note that and @ can also be written as ¢'z > ¢"y,Voz € C,y € D and ¢'z > c"y,Vz € C,y € D,
respectively.

Another closely related notion is supporting hyperplanes. A hyperplane is said to support a set C' C R™ at
a point x € C if x € H and the set C lies entirely in one of the halfspaces HT or H~. In this case, H is
called a supporting hyperplane of C at point z. The corresponding halfspace (H* or H~) that contains C
is called a supporting halfspace.
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3.1 Projections

We here introduce a projection operator that allows us to construct separating hyperplanes in the next
section.

Consider a closed convex set C' € R™, a point € R™, and a norm || - ||. The distance of the point = to the
set C'is defined as
dist(z,C) = min ||z — y||. (10)
yel
Any point z € C that achieves the minimum ||z — z|| = dist(z, C), i.e., closest to z, is called a projection

of z on C. Note that for I; and I, norms, the minimizers of [(10)| may be non-unique (since the I3 and Il
norms are piece-wise linear functions), i.e., there may be more than one points in C that are closest to .

Example 3.4. Consider a convezr set C = {(t,—t) € R? |t € R}, and z = (1,1). Then

in [|lz — gl = min [|(1— 6,1+ ¢)]s =min 1 —¢| + [T+ > [1—t+ 1+ =2
mig |z —ylly = min |1~ ¢, 1+ )]y =min 1 -] +[1+¢] > [L—t+1+1

Meanwhile, we have ||(1,—1) — z|j1 = 2, ||(0,0) — 2| =2, and ||(—1,1) — z|; = 2. All three points (1,—1),
(0,0) and (—1,1) are projections of x on C under the l; norm. O

Throughout this course, we only consider the Euclidean norm in It can then be shown that the
projection is unique, denoted as Po(x), i.e.,

Po(z) = argmin ||z — yl|2. (11)
yeC

Theorem 3.2 (|2, Section 2.1.2]). Let C' C R™ be a non-empty, closed and convex set. Then, for any
x € R™, there exists a unique point z € C' that is closest to x under the Euclidean norm. Further, z = Po(z)
if and only if

(y—zx—2) <0, VyeC. (12)

If C is an affine subspace, then Vy € C, we have Po(z) —y + Po(x) = 2Pc(x) —y € C. In this case, |(12)|
reads as
y— Po(z),z — Po(x)) <0

Po(z) —y,x — Po(x)) <0,Vy € C,

which implies (y — Po(x),x — Pe(z)) = 0,Vy € C, i.e., x — Po(z) L C. In the case of [Example 3.4 we have
Po(z) =(0,0), and (x — 0, (t,—t) —0) =t —¢t =0,Vt € R.

{
{

One useful property is that the Euclidean projection is nonexpansive.

Lemma 3.4. Let C C R”™ be a non-empty closed convex set. Then, we have

[Pc(z) = Pe()llz < [lz —yll2, Va,y €R™

3.2 Separating hyperplanes

A closed convex set and a point outside it can be strictly separated by a hyperplane, and this hyperplane
can be constructed by using the Euclidean projection.

Theorem 3.3. Let C C R"™ be a closed convex set, and x ¢ C. Let Po(x) € R™ be the projection of x on
C. Then, the hyperplane passing through point zy = %(m + Pe(x)) with normal vector ¢ = ¢ — Pe(x) strictly
separates {x} and C, i.e.

c'x>c'z, and c'y<c'z, VyeC.
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Proof. Tt is clear that ¢ = © — Po(z) is nonzero since x ¢ C and Pc(z) € C. We have
T T 1 L2
¢ (x—2))=c m—i(ﬂc—i—PC(x)) :§||c||2>0.

By we have
(c.y — Po(x)) <0, WyeC. (13)

Meanwhile, we have
T T 1 L2
¢ (Pe(z) —20) =c¢' | Po(z) — §(m + Po(x)) ) = —§||c||2 < 0.

Combining this with leads to the desired result ¢'y < c"zy, Vy € C. O

Theorem 3.4. Let C and D be two closed convex sets in R™, and let C be bounded. If C N D = (0, then
there exists a hyperplane separating them strictly, i.e., there exist ¢ € R™ \ {0} and b € R such that

Tz—b>0,YeeC, and ¢'y—b<0,VyeD.

Proof. Since C' and D are closed and C' is bounded, the set F' = C' — D is closed and convex. We further
know that 0 ¢ F because C N D = (). By [Theorem 3.3] there exists ¢ € R™ \ {0} and by € R such that

0={(c,0) <by, and c'(z—y)>by, VoeC,yecD.

This implies that

b
inf ¢z >by+ supc'y > 24 sup ¢’y > sup c'y.
zeC yeD 2 yep yeD

Thus, we can choose b = %0 +Sup,ep c'y. This completes the proof. O

The boundness assumption in cannot be removed in general. The strict separation may not be
possible even when C and D are closed. For example, consider

c={@ner s>0y2 1} D e |y <oh

which are closed and disjoint, but they cannot be separated strictly.

Figure 6: The hyperplane {z | a'z = b} separates the disjoint convex sets C' and D. The affine function

a’z — b is nonpositive on C' and nonnegative on D (images from |1, Figure 2.19]).

This issue is related to the case where the set C' in [Theorem 3.3|is open and the point z ¢ C' lies on the
boundary of C'. In this case, we have a non-strict separation result.

Theorem 3.5. Let C C R™ be a conver set, and x ¢ C. Then, there exists a nonzero vector ¢ € R™ such
that
cly<clz, Vyed.
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¢={@ala>0y>1}

€T

Figure 7: The sets C = {(z,y) |2 >0,y > 1}, D = {(z,y) | y < 0} are closed and disjoint, but they cannot
be separated strictly.

Proof. If x is outside the closure of C, i.e., c1C (which is closed and convex), then this result follows from
Theorem 3.3| (indeed, the strict separation holds).

Assume that z is on the boundary of C. Let us consider a sequence of points 2!, ..., 2%, ... outside clC,
which converges to . By [Theorem 3.3] for each 2*, there exists a non-zero c* € R™ such that

(c*, 2Py > (e,y), Yy € C. (14)

Without loss of generality, we can assume ||cf||s = 1,Vk € N (since we can divide ||c¥||2 on both sides of
(14)). Then, the bounded sequence c* contains a convergent subsequence, and we denote the limit as ¢ € R™.
Taking such a limit over we get the desired result ¢'a > 'y, Vy € C. O

The non-strict separating hyperplane result above holds for two convex sets C, D if they are not intersected.

The proof is similar to that of [Theorem 3.4}

Theorem 3.6. Let C and D be two convex sets in R™. If C N D = (), then there exists ¢ € R™\ {0} such
that
c'e>c'y, YxeC,VyeD.

In the sets C and D can be both open and unbounded.

3.3 Supporting hyperplanes

Following the proof of for any convex set, we can construct a supporting hyperplane at every
boundary point.

Theorem 3.7. Let C C R"™ be a non-empty convex set. For any xg on the boundary of C, there exists a
hyperplane that supports C at xg, i.e., there exists a non-zero vector ¢ € R™ such that c'x < ¢"xq,Vz € C.

In the next section, we will further show that any closed convex set is the intersection of all its supporting

halfspaces (Theorem 3.8]).

4 External and internal representations of convex sets

In this section, we present external and internal representations of closed convex sets. The external repre-
sentation gives an implicit description that allows us to verify whether a point belongs to the convex set.
On the other hand, the internal representation gives an explicit description which gives an simple way to
generate points in the convex set.



Lecture 3 & 4: Review of Convexity (I)-(II) 11

4.1 External (implicit) representation

A direct application of the strict separation result in can show that any closed convex set can
be expressed as an intersection of halfspaces (more precisely, its supporting halfspaces).

Theorem 3.8. Let C C R"™ be a nonempty closed convex set. Then, C' is an intersection of its supporting

halfspaces, i.e.,
C= () Hyu
z€ed C

where H_, denotes a supporting halfspace {x € R™ | c'x < b} of C at point x.

Proof. Let us denote

D= () H,,
z€0 C

Since C C H;b for each x € 9C, it is clear that C' C D.

We only need to prove that D C C. It suffices to prove that if y ¢ C, then y ¢ D. Consider any point
y ¢ C. Let g = Pco(y) be the projection of y on C, which is on the boundary of C. Following the argument
in [Theorem 3.3] the hyperplane H,,, = {z € R" | ¢'2 = ¢"xp} with normal ¢ = y — g is a supporting
hyperplane such that

T T T T

cx<czy,VreC, and cy>c xg.

Thus, y ¢ H_ ,. By the definition of D, we know y ¢ D. This completes the proof. O

Zo,

This theorem gives a representation of a closed convex set C' as the intersection of its supporting halfspaces.
To verify whether a point « belongs to C, we can check whether z lies in all these supporting halfspaces.
If the number of supporting halfspaces is finite, the set C is a polyhedron in the form of @ A simple
membership test for C is to just verify whether all the inequalities and equalities in @ is satisfied.

4.2 Internal (explicit) representation

We here give an internal representation of compact and convex sets. For this, we define a concept of extreme
points.

Definition 3.2 (Extreme point). Let C C R™ be a convex set. A point x € C is called extreme if there exist

no other two distinct points x1,xs € C and a scalar 0 < A < 1 such that © = Ax; + (1 — N)xa.

In other words, an extreme point x € C does not lie in the line segment between any two distinct points of
C'. For example, the extreme points of a line segment {6z + (1 — 0)y € R™ | 0 < 0 < 1} are the boundary
points x and y. The set of all extreme points of C' is denoted as extr C.

Theorem 3.9 (Minkowski’s theorem [2, Theorem 2.44]). Let C C R™ be a compact and convex set. Then

C = conv(extr C). (15)

The internal representation gives an explicit way to generate points inside C'. This result can be extended
to unbounded convex sets; see |2, Theorem 2.46] for details.

5 Cones and dual cones

An important class of convex sets — convex cones plays a significant role in convex optimization, especially
conic programming which is a central framework in this course.
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Definition 3.3 (Cones). A set C CR"™ is called a cone if for any x € C and 6 > 0, we have 0z € C.

Definition 3.4 (Convex cones). A set C' C R™ is called a convex cone if it is convex and a cone. Equivalently,

for any x1,x5 € C and 61,02 > 0, we have 0121 + 022 € C.

A conic combination (or nonnegative linear combination) of points x1,xa, ..., x,, is a point of the form
ai1ry + -+ @y, whereoq; >0,0=1,...,m.

A convex cone contains all conic combinations of its points. The converse is also true (i.e., a set that contains
all conic combinations of its points is a convex cone). The conic hull of a set C' C R™, denoted as cone C, is
the set of all conic combinations of its points

coneC ={oyx1 + -+ @@, |z, € Coa; >0,i=1,...,m}. (16)
The conic hull of the set C' is the smallest convex cone that contains C.

Example 3.5. Some simple examples of convexr cones are 1) any line passing through zero in the form of
{0zy € R™ | 6 € R"} where g € R™ is a given point; 2) any hyperplane passing through zero in the form of
{x € R" | c"2 = 0}; 3) any halfspace passing through zero in the form of {x € R™ | c'x < 0}; 4) the span
(or linear hull) of a set of vectors x; € R™,i =1,...,m (this includes any subspace).

The strict separating result in can be specialized to convex cones as follows.

Theorem 3.10. Let C C R™ be a closed convex cone and let x ¢ C. Then, there is a hyperplane that strictly
separates {x} and C. Even stronger, there exists ¢ € R™ \ {0} such that

' >0 and c¢'y<O0, VyeC.

The proof follows directly by choosing ¢ = © — Po(x) and applying [Theorem 3.2

5.1 Three important proper cones

For practical optimization methods, we focus on a class of proper cones.
Definition 3.5 (Proper cones). A cone K C R™ is called a proper cone if it is convez, closed, has non-empty

interior (i.e., full dimensional), and pointed (i.e., it contains no line or equivalently x,—x € K = x =0).

The convex cones in are not proper since they are not pointed. Here, we discuss three important
classes of proper cones which will be used extensively in this course.

e The non-negative orthant is defined as
RY ={z eR"|z; >0,i=1,...,n}.

It is convex, closed, has a non-empty interior, and is pointed. Thus, it is a proper cone. It is easy to
see that R’} is generated by the standard basis e1,...,e, € R"

R” = cone{ey,...,en}.

e The second-order cone is defined as
L ={(z,t) e R™ | fzfl2 = (af + -~ + 22) /% <t}

This is also a proper cone. Unlike the non-negative orthant R}, the second-order cone LT is not a
polyhedron. Very often, £"*! is also called the ice cream cone or the Lorentz cone. It can be verified
that

L = cone{(x,1) | ||z|2 = 1}.
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e The cone of positive semidefinite matrices
St ={X €S" | X is positive semidefinite}.

It is convex, closed, pointed, and has a non-empty interior (see ?? for characterizations). ??7 (2)
suggests that the cone of positive semidefinite matrices S is generated by rank-1 matrices, i.e.,

St = cone{zz" | x € R", ||z|> = 1}.

A proper convex cone K C R™ can define a partial ordering on R" as
rrgy & z—yeK.

We also write y g z for x =g y. If K = R, the associated partial ordering x = y corresponds to
component-wise inequalities, i.e., x; > y;,7 = 1,...,n. When K = S, the associated partial ordering
X =k Y means that X — Y is positive semidefinite. Very often, we drop the subscript and simply write
X>Y.

5.2 Dual cones

The concept of dual cones is also very important in conic programming (Lectures 5 & 6) and its duality
analysis (Lectures 7 & 8).

Definition 3.6. Let K CR" be a cone. The set
K'={yeR"|y'2>0, Va € K}
is called the dual cone of K.

The negative of the dual cone K° = —K™ is called the polar cone. It is easy to see that the dual cone K* is
indeed a cone (as the name suggests). Further, K* is always closed and convex since it can be viewed as an
intersection of (infinitely) closed halfspaces:

K* = ﬂ{yER”|yTaBZO}. (17)
rzcK
From [(17)} it is also easy to see that if K1 C Ky, then Kj C K.

Geometrically, y € K* if and only if —y is the normal of a hyperplane that supports K at the origin. This
is shown in

v K K

Figure 8: Left: The halfspace with inward normal y contains the cone K, so y € K*. Right: The halfspace
with inward normal z does not contain K, so z ¢ K* (images from |1, Figure 2.22]).

For example, the dual cone of a ray (which is a cone) in the form of K = {0zo € R™ | 8 > 0} is a halfspace
K* = {y € R" | zly < 0}. The dual cone of a line passing through zero K = {fzq € R" | § € R} is a
hyperplane K* = {y € R" | 2ly = 0}. Generally, the dual cone of a subspace V C R? is its orthogonal
complement V+ = {y e R" | 2Ty = 0,Vx € V}.

Let K** denote the dual cone of the dual cone of K, i.e. K** = (K*)*. The following result is known as the
biduality (or bipolar) theorem.
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Theorem 3.11 (|2, Theorem 2.27)). Let K C R"™ be a closed convex cone. Then,
K™ =K.

The direction K C K** is based on the definition of dual cones, while the other direction K** C K requires
the machinery of separation theorems, especially

Proof. Let first prove K C K** by showing that Vb € K = b € K**. By definition, we have K* =
Neex{y € R™ | yTz > 0}. Let b be any point in K. We thus have

K*C{ycR"[y'b>0},

meaning that y'b > 0,Vy € K*. This in turn implies that b € (K*)*.

We then prove K** C K by showing that Vb ¢ K = b ¢ K**. Let any b ¢ K. Since K is a closed convex
cone, [Theorem 3.10| ensures that there exists ¢ € R™ \ {0} such that

¢'h>0, and ¢'y<0, VyeK.

This means that —c € K*. Since (—c)Th < 0, we know that b ¢ K** (again recall the definition K** = {y €
R™ | yTz > 0,Vz € K*}). O

We call a cone K self dual if K* = K, i.e. the dual cone is itself. All the three classes of proper cones in

are self-dual (note that there are other self-dual cones [?]).

e Nonnegative orthant. The cone R} is self dual (R} )* = R} :
2Ty >0,V eR} & yeRY. (18)

e Second-order cone. The second-order cone L1 = {(x,t) € R"™ | ||z]|s < t} is self dual (£"T1)* =

Lt e,
zTu+tv>0,V(z,t) € LM & (u,v) € LT (19)
e Positive semidefinite cone. The positive semidefinite cone S} is self-dual (S7})* = S7, i.e.
trace(XY) > 0,vX €S} & Y e S". (20)

The fact is straightforward. We leave the proofs of [(19)| and as exercises. In fact, it can be shown
that the dual of a norm cone is the cone defined by the dual norm [1, Example 2.25]: let || - || be a norm on
R", then the dual cone of K = {(z,t) € R*"™! | ||lz| <t} is

K = {(u,v) € R" [ [|u] < v}.
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