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Learning goals:

1. LQR as a special case of Ho optimal control;

2. Convex characterization of stabilizing controllers;

3. Transfer matrix characterization of internal stability;

4. System-level synthesis, Input-output parameterization, and Youla;
5

. Robust stability;

1 Recap

The problem setup is as follows: we consider continuous-time linear time-invariant (LTT) systems of

the form
& = Ax + Biw + Bou,

z = Cix + Dyiw + Disu, (1)
y = Coz + Dayw + Dagu,
where z € R*,u € R™,w € R%y € RP,z € RY are the state vector, control action, external

disturbance, measurement, and regulated output, respectively. Consider a dynamic output feedback
controller u = Ky, where K has a state-space realization

¢ = A€ + By,
u = Cr& + Dyy,

where £ € R is the internal state of controller K.

(2)

We have introduced the following optimal control problem
min [Py + P1oK(7 - PyK) 1Py
subject to K € Cgtab,
and its corresponding state-space version is

A+ ByDy.Co ByCy, By + B2Dy, Doy

4 Bmiél D Bk-cg Ak. BkDgl
R C1+ D12DxCy  D15Cy | Diy + D12Dy. Dy (4)
subject to 4 +BBZC{)]“CQ Bzck} is stable.
kCo k



2 Lecture 2: Convex reformulation in the Frequency Domain

Both (3) and (4) are non-convex in its present form. Note that the formulation (3) or (4) is very
general, including LQR/LQG/Hz2/Hoo optimal control [8].

In this lecture, we aim to present convex reformulation of (3) by introducing a suitable change of
variables. We will characterize the set of stabilizing controllers Cgtap, and then look at the cost
function.

2 LQR as a special case of Hs optimal control

The classical Linear Quadratic Regulator has different forms. One typical deterministic form is as
follows
oo
min / z'Qz +u' Ru dt
0
(5)

subject to & = Ax + Bu
x(0) = xo,
where @ > 0, R > 0 are weight matrices and xy € R" is the initial value. Another typical stochastic
version is

1 T
min E | lim T/ 2'Qz +u' Ru dt
0

T—o0

(6)
subject to & = Ax+ Bu+w

where @ > 0, R = 0 are weight matrices and w ~ N(0,T) is a Guassian noise. Both (5) and (6) can
be reformulated as a special case of Ha optimal control in the form of (3) or (4).

Hs norm of transfer matrices:

Given a stable transfer matrix T = C(sI — A) !B, its Hz norm is defined as
1 o0
IT|3, : = / Trace (T (jw)T (jw)) dw

21 ) o
oo
:/ Trace ((C’eAtB)T(CeAtB)) dt
0
where the second equality comes from the Parseval theorem. Although ||T||3, can, in principle, be
computed from its definition above, we have simple state-space characterizations
|IT(|3,, = Trace(BTQB), where ATQ + QA+ CTC =0
|IT(|3,, = Trace(CP,CT), where AP + PAT + BBT = 0.
Note that () and P are observability and controllability Gramians. s norm can also be characterized
by LMIs, which will be introduced in later lectures. We have two interpretations:
e Deterministic interpretation: Let e, be the standard unit vector and denote the output
= Az, z=Cz, z(0)= Beg,

by zr(t). Note that this is the response to an impulse input to the channel k. Since z(t) =
Ce?'Bey,, we have

/ 2e(t) 2 (t)dt = e (/ BTeATtCTCeAtht> k-
0 0
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Therefore, squared Hs norm is energy sum of transients of output responses:
m o0 oo
3 / (BT 2k ()t = / Trace ((Ce™ B)T(CeA'B)) dt = | T|I%,.
k=10 v

e Stochastic interpretation: If w is white noise and & = Ax + Bw, z = Cx then
: T _ 2
Jimm E (+(6)7=(t)) = T,

The squared Hso-norm equals the asymptotic variance of output.

According to the deterministic and stochastic interpretations of Hs norm, it it not difficult to show
that both (5) and (6) are equivalent to the following problem

mlin HTsz%Lz
subject to T = Az + Biw + Byu
1 7)
_[o 0 (
Z|:O x + R% U
u= Kz,

where By = I, B, = B. Problem (7) is a special case of (3).

3 External transfer matrix characterization of internal sta-
bility

3.1 Static state feedback

Before introducing the dynamic case, we consider the simplified static state case of (1) and (2) as

follows

u= K.
Then the set of stabilizing static state feedback gains are defined as follows
Cs = {K e R™*" | A+ ByK is stable}.

It is well-known Cgs is non-convex, but it admits a convex characterization using a change of variable.
In particular

A+ ByK is stable <= 3P >0, (A+ ByK)"P+ P(A+ ByK) <0
— 3IX >0, X(A+ ByK)" + (A+ ByK)X <0
— 3X>0,Y eR™" XAT +YB] + AX + ByY <0

Therefore, we have

Cs ={K =YX 1| X =0 YeR™" XAT +YB) + AX + ByY < 0},
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Figure 1: Interconnection of the plant P and controller K

where the constraint is convex in terms of the new Lyapunov variables X and Y. We note that
the mapping from K to X and Y is not unique in the derivation above, but we can the Lyapunov
equality to make the mapping become one-to-one correspondence.

3.2 Dynamic output-feedback

Throughout this document, we denote RH, as the set all stable real-rational proper transfer ma-
trices, i.e., all poles are on the left open-half complex plane. We have the following standard
result [8, Chapter 3.

Lemma 1. Given a transfer matriz T(s) = C(sI — A)"'B + D, we have

e If (A, B,C) is detectable and stabilizable, then T(s) € RHoo if and only if A is stable;

e If (A, B,C) is not detectable or stabilizable, then the stability of A is sufficient but not necessary
for T(s) € RH .

We have already a state-space characterization:

_ i |A+BDpCy BoCyf .
Cstab = {K | A:= [ B.C, Ay } is 5table} , (8)

where K = Cy (2] — Agx) !By + Dy. Unfortunately, the stability condition on A in (8) is still
non-convex in terms of the parameters (Ag, B, C, Di).

There are a few frequency domain characterizations of internal stability. To be precise, let us consider
the plant Poy = Co (SI — A)_IBQ,

T = Ax + Bou + 0, ()
y=Chx + 5y

and a dynamic controller u = Ky + §,, with a state-space realization as

£ = Axé + By

(10)
u = C& + Dry + dy.

It is not difficult to derive the closed-loop responses from (8,,d,) to (y,u) as

MEIERIEE a
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where

Y = (I -PpK)™!, W=(T-PyuK) 'Py, U=K({I-PpK)' Z=(I-KPy) "
We have a classical transfer matrix characterization of internal stability [8, Lemma 5.3].
Lemma 2. The system in Figure 1 is internally stable if and only if the transfer matriz from (9, 6.)

to (y,u) is stable.

Proof. Here is a sketch proof for the case of strictly proper plants. It is not difficult the derive a
state-space realization of the transfer matrix from (d,,d,) to (y,u) as

(] ) -evr- w43

A A+ ByDpCy  ByCl B, — ByDy, By A Cy 0
o BCy Ay, N n DyCy Ck|-

where

It remains to prove that (A, By) is stabilizable and (A, Cy) is detectable. Then, the stability of the

transfer matrix (By} — [ﬂ) is equivalent to the stability of A. This completes the proof. O

The stabilizability of (A, By) can be seen from the following fact

A+ ByDCy  ByCy, I ByDy, Bs| [—Coy Fi|  |A+ BoF ByCi + BaDypFy,
BkCQ Ak Bk 0 F 0 - 0 Ak+Bka7

which will be stable if A+ BoF and Ag + By F), are stable. The detectability of (/17 C’g) can be shown
in a similar way.
We can also look at the closed-loop response from (d,,d,) to (x,u). It is not difficult to derive that

Rl a

R= (2] - A—BKC5)!, M=KCR, U=RBK, L=KGCRBEK+K.

where

We have a new transfer matrix characterization of internal stability [4].
Lemma 3. The system in Figure 1 is internally stable if and only if the transfer matriz from (05, 6y)

to (x,u) is stable.

Proof. Let us routinely derive a state-space realization of the transfer matrix from (d,,d,) to (x,u)

(] ) -ca-aefp 8]

~ _[I ByDy . [ I o0
N i B P

It is not difficult to check that (A, B;) is stabilizable and (A, Cy) is detectable. O

where
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Are there other transfer matrix characterizations for internal stability?

The answer is yes; see a recent report [6].

3.3 Two special cases

Here, we show that the transfer matrix characterization of internal stability can be simplified for
special cases: 1) open-loop stable plants; 2) the state feedback case. The following result is classical,
which is the same as Corollary 5.5 in [8]. For completeness, we provide a proof from a state-space
perspective.

Corollary 1. Consider the system in Figure 1. If the LTI system is open-loop stable (i.e., A is
stable), then K € Cgiap if and only if (6, = u) :=U € RH .
Proof. The “only if” direction is true by definition. We now prove the sufficiency. We can derive

the following state-space representation

BDy,

U= [DiC Cy] (2] — A)7! [ B,

:|+Dk.

Considering the fact that the following matrix

~ BD,, . A BCk+BDka
AJF{B,J[_C Fk]_[o Ay, + ByFy ]

is stable when A and A, + By F}, are stable, we know that <A, {BBP k}) is stabilizable. Similarly,
k

we can show that (fl, [DkC' Ck]> is detectable. Therefore, if Y € RH.,, we have A is stable,
meaning that K € Cgtap,. This completes the proof. O

In the state-feedback case, we have the following result.

Corollary 2. Consider the LTI system (1). If C = I, then K € Cgap if and only if <(5$ — [X]> =

u
R
NS

The proof is similar by looking at the state-space representation. The result in Corollary 2 has been
extensively used in the system-level synthesis [4]. The proof in [4] used a frequency-based method.
Here, we provide an alternative proof from a state-space perspective.

4 Parameterization of stabilizing controllers

4.1 Two special cases

Corollary 1 leads to following parameterization of stabilizing controllers.
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Corollary 3 ([7]). Consider the LTI system (1). If the LTI system is open-loop stable, then we

have
Y

Cstab = {K =UY ' |[I —Py {U} =1, Ue R’Hoo} )

Proof. = Given any K € Cgap, we show there exist Y, U € RH such that K = UY ™! and the
equality in the corollary is satisfied.

With K € Cgtap, it is not difficult to derive

y| (I - P22K)71 5

ul K(I_PQQK)71 v
Let us define Y = (I — PyoK)™! and U = K(I — PyK)™!. Since K € Cgap, we know that
U € RHo. Also, by definition, K = UY ~!. Finally, it is very easy to verify that

Y - PyoU= (I —PpK) ' —PypK({I -PpK) ' =1

< Given Y and U satisfying the condition, we show that K = UY ! € Cy,p. By corollary 1, we
only need to show the response from d, to u is Stable. In particular, we have
u=K(I - Px»K) ',
=UY (I - P»UY )1y,
= Ud,,
where the last equality used the affine relationship Y — PyoU = 1. O

This result is consistent with the classical one in [8, Theorem 12.7]. Open-loop stability of the plant
does not provide a simplification for the SLP. Instead, if the state is directly measurable for control,
i.e., C = I, Corollary 2 leads to the following simplified SLP parameterization, which is denoted as
the system-level parameterization in the state-feedback case [4, Theorem 1].

Corollary 4 ([4]). Consider the LTI system (1). If Cy = I, then we have

R

_ _ —1
Cstab - {K =MR M

} =1, M\R¢ R’Hoo}.

[2I-A —B] {
The proof is very similar to that of Corollary 3.

4.2 General case: System-level parameterization and Input-output pa-
rameterization

It is not surprising that closed-loop responses are not independent to each other. In fact, they lie
in a certain affine space. To be precise, given a stabilizing controller K € Cgtap, the closed-loop
responses Y, U, W, Z lie in the following affine subspace [3]

I Py [E VZV}:[I 0o, (134)
]
Y, U, W,Z € RHo. (13¢)

Further, we have the following result [3].
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Theorem 1 (Input-output parameterization). The set of all internally stabilizing controllers can
be represented as

Cotary = {K=UY' | Y, U, W,Z are in the affine subspace (13a)-(13c)}. (14)

Proof. The proof is based on some straightforward algebra.

=: Given K € Cgtap, we prove that there exist Y, U, W,Z in the affine space (13a)-(13c) such
that K = UY L. In particular, we consider the closed-loop responses in (11), which are stable by
definition. Then, it is easy to verify

Y - PyoU= (I —PpuK) ! —PpK(I -PpK) ' =1, (15)

and the rest of constraints in (13a) and (13b) are satisfied as well.
<«: Given Y, U, W, Z in the affine space (13a)-(13c), we prove K = UY ~! € Cyap,. To do this, it is
sufficient to check the closed-loop responses from (4, d,) to (y,u) are stable. For example, it is not
difficult to show that
(I —PyuK)'=(1-PrUY Y '=YcRH,.
O

Similarly, given a stabilizing controller K € Cgtap, the closed-loop responses R, M, N, L lie in the
following affine subspace [4]

sSI—A B, [1?4 ﬂ — 1 0, (16a)
FIEaN
RMNcRHs, LeRHw. (16¢)

Theorem 2 (System-level parameterization). The set of all internally stabilizing controllers can be
represented as

Cstap = {K=L—-MR'N | R, M, N, L are in the affine subspace (16a)-(16c)}. (17)

The proof of Theorem 2 is very similar to that of Theorem 1. The interested reader is encouraged
to verify the proof.

There are other equivalent parameterizations using different sets of closed-loop responses; see [6].

5 Convex reformulation of optimal controller synthesis

According to Theorem 1, the closed-loop response from w to z can be fully characterize by

Py +PK(I — PyoK) 'Py = Pyy + P UPyy,
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where U is in the affine space (13a)-(13c). Thus, the optimal controller synthesis (3) is equivalent
to the following convex problem [3]

min P11+ P12 UPy ||
Y, U W.Z (18)
subject to  (13a) — (13c).

Similarly, we can derive that [4]

_ R N||[B
P11+ PpK(I — PyuK) 'Pyy = [Cl D12] [ ] [ !

M L D21:| +D117

and the optimal controller synthesis (3) is equivalent to the following convex problem

. R N]|[B
R R L H[Cl D] [M L] [Dm

subject to (16a) — (16¢).

}+D11

(19)

6 Robust stability and its connection with learning applica-
tions

We provide some quick applications of learning-based control using Corollaries 1 and 2.

6.1 State feedback case

In the state feedback case, suppose we only have estimation A and By, where ||[A — A| < e4 and
| B — Ba|| < ep. How can we design a stabilizing controller for the true system (A, Bs) based on the
information (A, By) and e4,ep?

Using Corollary 2, we find M, R € RH. that satisfies

- -~ - R
_ _ ~ | =1. 20
[sI —A —Bs] [M} (20)
Then, the controller K = MR ™! stabilizes (121, Bg) What happens if we apply K = MR ™! to the
true system (A, Bg)?

From (21), we have

[sI—A —By] [15[] —I+A,

where A = A4R + AgM. Then it is not difficult to show that if ||Allsc < 1, the controller

K = MR stabilizes the true system (A, Bs) as well. This is one fundamental building block in
the sample complexity and regret analysis of learning LQR controllers [1,2].

6.2 Open-loop stable plants

In the open-loop stable case, we have similar results. First, suppose we have the transfer matrix
estimation PQQ, with ||P22 — PQQHOO S €.
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Using corollary 1, we find Y, U € RHo that satisfies

[I Py E} =1 (21)

Then, the controller K = UY ! stabilizes the plant 1522. For the true plant Pyo, we have

I —Pa] m YN

where A = APyy. Then it is not difficult to show that if ||Afl. < 1, the controller K = UY !
stabilizes the true system Poy as well.

7 Youla Parameterization

To add

An explicit equivalence among Theorem 1, Theorem 2, and the classical Youla parameterization [5]
has been provided in [7].

References

[1] Sarah Dean, Horia Mania, Nikolai Matni, Benjamin Recht, and Stephen Tu. On the sample
complexity of the linear quadratic regulator. Foundations of Computational Mathematics, pages
1-47, 2017.

[2] Sarah Dean, Horia Mania, Nikolai Matni, Benjamin Recht, and Stephen Tu. Regret bounds for
robust adaptive control of the linear quadratic regulator. In Advances in Neural Information
Processing Systems, pages 4188-4197, 2018.

[3] Luca Furieri, Yang Zheng, Antonis Papachristodoulou, and Maryam Kamgarpour. An input-
output parametrization of stabilizing controllers: amidst youla and system level synthesis. IEEE
Control Systems Letters, 3(4):1014-1019, Oct 2019.

[4] Yuh-Shyang Wang, Nikolai Matni, and John C Doyle. A system level approach to controller
synthesis. IEEE Transactions on Automatic Control, 2019.

[5] Dante Youla, Hamid Jabr, and Jr Bongiorno. Modern wiener-hopf design of optimal controllers—
part ii: The multivariable case. IEEE Transactions on Automatic Control, 21(3):319-338, 1976.

[6] Yang Zheng, Luca Furieri, Maryam Kamgarpour, and Na Li. On the parameterization of stabi-
lizing controllers using closed-loop responses. arXiv preprint arXiv:1909.12346, 2019.

[7] Yang Zheng, Luca Furieri, Antonis Papachristodoulou, Na Li, and Maryam Kamgarpour. On
the equivalence of youla, system-level and input-output parameterizations. arXiv preprint
arXi:1907.06256, 2019.

[8] Kemin Zhou, John Comstock Doyle, Keith Glover, et al. Robust and optimal control, volume 40.
Prentice hall New Jersey, 1996.



