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Linear

» State-space model

time-invariant systems

i = Ax + Biw + Bsu,
z = Cll‘ + D11’LU + Dlgu,
y = Cox + Doyw + Doou,

(1)

where £ € R?, u € R™,w € R,y € RP, z € RY are the state vector,

control action, external disturbance, measurement, and regulated

output, respectively.

» Dynamic controller

where £ € R™ is the internal state of the controller.

Recap & LQR as as special case

€ = Axé + By,
u = Okf + Dkya



Frequency domain

» Plant model

Al B B
P P
P—|Cion Dn | =[5 2o
Cy | Da1 Do

where P;; = C;(sI — A)~'B;j + D;j. We refer to P as the
open-loop plant model.
» Controller u = Ky, where K = Cj(sI — A)"'By + Dy.

Z w
¢ P11 Piof®
Py Py B
y u
> K

Figure: Interconnection of the plant P and controller K
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Optimal control

» General optimal control formulation
i P, K
min  f(P,K)
subject to K internally stabilizes P.
where f(P,K) defines a certain performance index.
» Specifically

Frequency-domain formulation State-space formulation
min [ Teu
K

BrC2 A By D21
C1+ D12D,Ca  D12Cy | D11+ D12Dy D2

subject to K € Ceap, min

where

|: A+ BaDpCo BsCl Bi1 + B2 Dy, Doy :|

A+ B2 DyCy Bsz} is stable.

Tow = P11+P12K(/—P2K) 1Py ot [ BiC2
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LQR as a special case of #, optimal control

Deterministic case

min / ' Qz +u' Ru dt
0

st. = Ax+ Bu

where @ > 0, R > 0 are weight
matrices and o € R".

Both of them are equivalent to
min
K

subject to

where By = I, B2 = B.
Recap & LQR as as special case

Stochastic case

, N T
min E [Tlgnoof/g z Qr+u Rudt
st. ©t=Axz+ Bu+w

where @ > 0, R > 0 are weight matrices
and w ~ N(0,1).

I T2 52,

T = Ax + Biw + Bou

- [5]or 3]

u=Kux,



H> norm

Consider a stable transfer matrix T = C(sI — A)~*
i oo
27

/OQ Trace ((CeAtB)T(CeAtB)) dt

HTH?_LQ : Trace (T" (jw)T (jw)) dw

» Deterministic interpretation: Let e; be the standard unit vector and
denote the output

= Az, z=Cz, z(0)= Bey,

by z(t). Squared H2 norm is energy sum of output transients:
Z/ )T 2 (t)dt = / Trace ((CeAtB)T(CeAtB)) dt = || T3,
0
» Stochastic interpretation: If w is white noise and @ = Ax + Bw,z = Cx

then
tim E (2(6)72(t)) = | T3,
t— o0
The squared Hz-norm equals the asymptotic variance of output.

Recap & LQR as as special case
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Static state feedback

» Set of internally stabilizing controllers

_ i |[A+B2DpCy  BaCy .
Cstab = {K | A= { B.C» A, ] is stable} ,

where K = Cy(zI — Ay,) "' By, + Dx.
» Consider a static state feedback case
T = Ax + Bou

u = Dyx. Css = {Dy, € R™*™ | A+ B3 Dy, is stable}.

» Lyapunov inequality
A+ B:K isstable <= 3P =0, (A+ B:K) P+ P(A+ B:K) <0
— 3X =0, X(A+ BoK) + (A4 B:K)X <0
<« 3IX=0,Y eR™", XA"+YB] + AX + B,Y <0

Therefore, we have

Cs={K=YX'|X>0,Y eR™", XAT +YB; + AX + B,Y < 0},

External transfer matrix characterization of internal stability 10



External transfer function characterization

Lemma
Consider a transfer matrix T(s) = C(sI — A)"'B+ D. If (A,B,C) is
detectable and stabilizable, then

T(s) € RHex <<  Als stable.

Two useful facts:
» The set of stable matrices {A € R™*™ | A is stable} is non-convex,
but finite-dimensional;

» The set of stable transfer matrices {T(s) | T(s) € RH} is convex,
but infinite-dimensional;

External transfer matrix characterization of internal stability 11



External transfer function characterization

Set of internally stabilizing controllers
A+ BoDiCy  BoCli .
is stable ¢,

Cstab = {K | A:= |: B.C» A,
where K = Cy (21 — Ay) "' By, + Dy,.
» Consider the plant Pay = Co(sI — A) ™' By,
T = Az + Bau + 0,
y = Cazx + 6y
» A dynamic controller )
§ = Ar{ + Bry
u = Cr€ + Dry + 0u.

Closed-loop responses from (dy,d.) to (y,u) as
AR
u U Z| |6’
where Y = (I — P22 K) ™', W = (I — P22 K) 7' Pas, and
U=K(I -PuK) ', Z=(—-KPy») "

External transfer matrix characterization of internal stability

12



External transfer function characterization

Closed-loop responses from (dy, ) to (y,u) as
y| _|Y W]| (4,
ul (U Z| |6,
Lemma

The feedback system is internally stable if and only if the transfer matrix from
(6y, du) to (y,u) is stable.

State-space realization of the transfer matrix from (dy,d.) to (y,u) as
dy v\ _ A P I 0
(5] = B) = e, ]
where

Ao [A+BeDiCr BeCi| 5 [B2Di By | O 0
- ByCa Av |7 727 | Ba 0" 727 |DuCy Cy|”

It remains to prove that (A, Bs) is stabilizable and (A, () is detectable.
External transfer matrix characterization of internal stability 13



External transfer function characterization

The stabilizability of (A, Bz) can be seen from the following fact

A+ BaDpCo BaCy + B2D, Bs —Cy Iy - A+ BsF  BoCy + BaDy Iy,
B Co Ap By 0 F 0| 0 Ay + By Fy,

which will be stable if A+ BoF and Ay + By F);, are stable. The detectability
of (A, C2) can be shown in a similar way.

P22

0y Yty K

Figure: Input-output stability
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External transfer matrix characterization

Look at closed-loop response from (d,,d,) to x,u. It is not difficult to

derive that
x| |[R NJ [0,
ul |M L [§]’

where R = (21 — A — BoKCs)™ ', M = KC,R, and
U=RBK, L=KCRBK+K.
Lemma
The feedback system is internally stable if and only if the transfer matrix

from (é,0,) to (x,u) is stable.
A state-space realization of the transfer matrix from (05, d,) to (x,u) as

(5] Bl) =oer-ama o 5],

where
Blz{l Bng]’ 01:[ I 0}

0 By DyCs  Cj

External transfer matrix characterization of internal stability 15



A summary

Four equivalent statements
» K internally stabilizes the plant P;

A+ By DCy By,

> A= [ BiCy Ay

} is stable

» The following closed-loop responses are stable (input-output

parameterization)
y| _|Y W] [,
ul (U Z]| |6’

» The following closed-loop responses are stable (system-level

parameterization)
x| |R Nj [0
ul = M L| |5,

External transfer matrix characterization of internal stability 16



Two special cases

» Open-loop stable plants:

Corollary
If the LTI system is open-loop stable (i.e., A is stable), then K € Caap if and
only if (§y - u) :==U € RH .

The state-space representation is

BDy,

U= [ch Ck] (21 — A)71 { B

:| + Dy,.

Considering the fact that the following matrix

BDy, _|A BCkr+ BDyFy
By, ] [70 Fk] B [0 A + BpFy ] ’

is stable when A and Ay + By F} are stable.

A+[

» State feedback
Corollary

If C = I, then K € Cuwp if and only if <5z - BD = {15[] € RHoo.

External transfer matrix characterization of internal stability
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Closed-loop parameterization: 10P

Input-output parameterization
Y| _|Y W] |4,
ul (U Z| |6,
Corollary

If the LTI system is open-loop stable, then we have

Y

_ _ —1
Cstab - {K =UY U

I —Pu) [ } 1, UERHOO}.
= With K € Cqab, it is not difficult to derive

y| [ (I-PxK)™! 5

u|  |K({I-PxK)™ 'Y
Let us define Y = (I — P2, K) ™' and U = K(I — P2oK) ™.

Since K € Cstab, we know that U € RHoo. Also, by definition, K = UY !,

Finally, it is very easy to verify that
Y —PpU= (I -PxuK) ' —PpK( -PxK) '=1I

Closed-loop parameterization of stabilizing controllers: SLP and IOP
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Closed-loop parameterization: 10P

Input-output parameterization
Y| _|Y W] |4,
ul (U Z| |6,
Corollary

If the LTI system is open-loop stable, then we have

Cstab = {K = UY_l [I 7P22] |:E:| =1, Uec RHoo} .

<. Given Y and U satisfying the condition, we show that K = UY ! € Cyap.

We only need to show the response from §, to u is Stable.
In particular, we have

u=K( - PxpK) s,
=UY (I -P»UY N4,
= U(sya

where the last equality used the affine relationship Y — P22 U = 1.
Closed-loop parameterization of stabilizing controllers: SLP and IOP

20



Closed-loop parameterization: SLP

System-level parameterization

o] )

Corollary
If Cy = 1, then we have

R

_ _ -1
Cstab = {K =MR M

(21 - A —Bg]{ }:L M,RERHOQ}.

<« Consider M, R satisfying the condition. We define K = MR ™!, and show
this controller K € Cetap.
It is sufficient to show

x=(sI—A—ByK) "0, = (s —A— B_MR ') "6, = R,
u=K(sI — A— B:K) "6, = M,

Closed-loop parameterization of stabilizing controllers: SLP and IOP
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General case: Input-output parameterization

I —Pu) {E VZV] —[ q, (4a)
0l
Y. U, W,Z € RHo. (4¢)

Theorem (Input-output parameterization)

The set of all internally stabilizing controllers can be represented as

Cotar = {K =UY ' | Y, U, W, Z are in the affine subspace (4a)-(4c)}.

mlén P11+ P2 K(I — P22K)71P21|| ngl’iv%’z P11+ P12UPo ||
subject to K € Cstab, subject to  (4a) — (4c).

Closed-loop parameterization of stabilizing controllers: SLP and IOP 22



General case: System-level synthesis

[sT-A —B)] [lﬁ ﬂ — [, (52)
BUPE e
R,M,N € RHoo, L€ RHoo. (5¢)

Theorem (System-level parameterization)

For strictly proper plants, the set of all internally stabilizing controllers can be
represented as

Cstab = {K =L — MR 'N | R, M, N, L are in the affine subspace (5a)-(5c)}.
System-level synthesis

. R N|[B
R MN.L H 1 D {M L] {D21]+D11

subject to  (5a) — (5¢).

Closed-loop parameterization of stabilizing controllers: SLP and IOP 23



Summary

» Optimal controller synthesis problem

II&H HP11 + PlzK(I — P22K)71P21||

subject to K € Cgap-

Four equivalent statements
» K internally stabilizes the plant P;

~ [A—‘r BoD.Cy BoCh

> A= i
A By Ay } is stable

» The following closed-loop responses are stable (IOP)
Y| Y W] |4,
u|l (U Z| |6.]

» The following closed-loop responses are stable (SLP)

Wl

Closed-loop parameterization of stabilizing controllers: SLP and IOP
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Other issues

» Numerical computation: Finite impulse responses (only work for
discrete-time systems)

» See a Github repository here:
https://github.com/zhengy09/h2_clp.

» Distributed control K € S:

K=UY"'esS
K=L-MR 'NecS

> State-space realization of these controllers

» Numerical robustness: the affine constraints can never be exactly
satisfied in numerical computaiton ...

Closed-loop parameterization of stabilizing controllers: SLP and IOP 25
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Robust stability: SLP in the state feedback case

Suppose we only have estimation A and Bz, where ||A — A| < €4 and
B — Ba|| < ep.

How can we design a stabilizing controller for the true system (A, Bs)
based on the information (A, B2) and €4,eB?

We find M, R € RHo that satisfies

sI—A )] [R} - (6)

Then, the controller K = MR ! stabilizes (A, Bg) What happens if we
apply K = MR to the true system (A, B2)?

we have

R
[sI-A —B M N
where A = A,R + AgM. Then it is not difficult to show that if

|Alloo < 1, the controller K = MR ™" stabilizes the true system (A, Bs)
as well.

Robust stability and it connections with learning-based control

27



Robust stability: IOP for open-loop stable plants

» Suppose we have the transfer matrix estimation Pys, with
P22 — Pazlloc < e.

» We find Y,ﬂ € RHoo that satisfies
. Y
[I —Pa] {U] =1

» Then, the controller K = UY ! stabilizes the plant PQQ.

» For the true plant P32, we have

Y
[I _P22] |:Ij:| =71+ A,
where A = APss.
» Then it is not difficult to show that if ||A||cc < 1, the controller

K = UY ! stabilizes the true system P2y as well.

Robust stability and it connections with learning-based control
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Summary
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A summary

Four equivalent statements
» K internally stabilizes the plant P;

A+ ByDpCy  ByCy,

> A=
A: [ BiCs Ay

} is stable

» The following closed-loop responses are stable (input-output

parameterization)
y| _|Y W] [,
ul (U Z]| |6’

» The following closed-loop responses are stable (system-level

parameterization)
x| |R Nj [0
ul = M L| |5,

Summary 30



Summary

» Optimal controller systhesis

min
K

P11 +P12K(I — P2 K)~

subject to K € Cqap,

» Input-output parameterization

i P P,,UP
Y,II}{IVI%/’Z |P11 + P12 a1l

subject to  (4a) — (4c).

» System-level parameterization

min
R,M,N,L

subject to

Summary

I

R N]|[B
D] [M L} [Dm

— (5¢).

"Poy |

}+D11

31



Other topics

> State-space formulation

A+ ByDCy  BeCy | Bi+ BaDypDoy
min BkCQ Ak BkDgl
C1+ D12DCy  D13Cy | D11 + D12Dy Doy
st A+ ByDCy ByCly
Y B, Ay

] is stable.

» How to derive convex reformulation in the state space? This needs
to specify the norm of the cost function. We can have LMI
formulations (the topic in the next week).

» How to deal with structural constraint K € S§?

Summary

32
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