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Abstract

This paper revisits the classical Linear Quadratic Gaussian (LQG) control from a modern
optimization perspective. We analyze two aspects of the optimization landscape of the LQG
problem: 1) connectivity of the set of stabilizing controllers C,; and 2) structure of stationary
points. It is known that similarity transformations do not change the input-output behavior of a
dynamical controller or LQG cost. This inherent symmetry by similarity transformations makes
the landscape of LQG very rich. We show that 1) the set of stabilizing controllers C,, has at
most two path-connected components and they are diffeomorphic under a mapping defined by a
similarity transformation; 2) there might exist many strictly suboptimal stationary points of the
LQG cost function over C,, and these stationary points are always non-minimal; 3) all minimal
stationary points are globally optimal and they are identical up to a similarity transformation.
These results shed some light on the performance analysis of direct policy gradient methods for
solving the LQG problem.

1 Introduction

As one of the most fundamental optimal control problems, Linear Quadratic Gaussian (LQG) control
has been studied for decades. Many structural properties of the LQG problem have been established
in the literature, such as existence of the optimal controller, separation principle of the controller
structure, and no guaranteed stability margin of closed-loop LQG systems [1, 2, 3]. Despite the
non-convexity of the LQG problem, the globally optimal controller can be found by solving two
algebraic Riccati equations [1], or a convex semidefinite program based on a change of variables [4, 5].

While extensive results on LQG have been obtained in classical control, its optimization landscape
is less studied, i.e., viewing the LQG cost as a function of the controller parameters and studying
its analytical and geometrical properties. On the other hand, recent advances in reinforcement
learning (RL) have revealed that the landscape analysis of another benchmark optimal control
problem, linear quadratic regulator (LQR), can lead to fruitful and profound results, especially for
model-free controller synthesis [6, 7, 8, 9, 10, 11, 12]. For instance, it is shown that the set of static
stabilizing feedback gains for LQR is connected, and that the LQR cost function is coercive and
enjoys an interesting property of gradient dominance [6, 13]. These properties are fundamental to
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establish convergence guarantees for gradient-based algorithms for solving LQR and their model-
free extensions for RL [7, 8]. We note that recent studies have also contributed to establishing
performance guarantees of model-based RL techniques for LQR (see e.g., [14, 15]) as well as LQG
control [16, 17, 18, 19].

This paper aims to analyze the optimization landscape of the LQG problem. Unlike LQR that
deals with fully observed linear systems whose optimal solution is a static feedback policy, the LQG
problem concerns partially observed linear systems driven by additive Gaussian noise and its optimal
controller is no longer static. We need to search over dynamical controllers for LQG problems. This
makes its optimization landscape richer and yet much more complicated than LQR. Indeed, the
set of stabilizing static state feedback policies is connected, but the set of stabilizing static output
feedback policies can be highly disconnected [20]. The connectivity of stabilizing dynamical output
feedback policies, i.e., the feasible region of LQG control, remains unclear. Furthermore, LQG
has a natural symmetry structure induced by similarity transformations that do not change the
input-output behavior of dynamical controllers, which is not the case for LQR.

Some recent studies [21, 22, 23, 24, 25| have demonstrated that symmetry properties play a key
role in rendering a large class of non-convex optimization problems in machine learning tractable; see
also [26] for a recent review. For the LQG problem, we can expect the inherent symmetry by similarity
transformations to bring some important properties of its non-convex optimization landscape. We
also note that the notion of minimal controllers (a.k.a. controllable and observable controllers; see
Appendix A.1) is a unique feature in controller synthesis of partially observed dynamical systems,
making the optimization landscape of LQG distinct from many machine learning problems.

1.1 Owur contributions

In this paper, we view the classical LQG problem from a modern optimization perspective, and study
two aspects of its optimization landscape. First, we characterize the connectivity of the feasible
region of the LQG problem, i.e., the set of strictly proper stabilizing dynamical controllers, denoted
by C, (n is the state dimension). We prove that C, can be disconnected, but has at most two
path-connected components (Theorem 3.1). If C,, is disconnected, its two path-connected components
are diffeomorphic under a mapping defined by a similarity transformation (Theorem 3.2). This
brings positive news to gradient-based local search algorithms for the LQG problem, since it makes
no difference to search over either path-connected component even if C, is disconnected. We further
present a sufficient condition under which C,, is always connected, and this condition becomes
necessary for a class of LQG problems with a single input or single output (Theorem 3.3). The
sufficient condition naturally holds for any open-loop stable system, thus its set of strictly proper
stabilizing dynamical controllers is always connected (Corollary 3.1).

Second, we investigate structural properties of the stationary points of the LQG cost function.
It is known that the LQG cost is invariant under similarity transformations on the controller
(see Lemma 4.1). One natural consequence is that the globally optimal solutions to the LQG problem
are not unique, not isolated, and can be disconnected in the state-space domain. For a class of LQG
problems, we show that the set of globally optimal solutions is a submanifold of dimension n? and
it has two path-connected components (Proposition 4.1). The tangent space at a given stabilizing
controller is established in Proposition 4.2. In addition, we present an explicit example showing that
the LQG problem is not coercive, i.e., the LQG cost may have finite value around the boundary of
its feasible region (Example 4).

When characterizing the stationary points with vanishing gradients, the notion of minimal
controllers plays an important role. In Theorem 4.1, we show that it is very likely there exist many
strictly suboptimal stationary points of the LQG cost over Cp, and these stationary points are always



non-minimal. We further construct an explicit family of non-minimal stationary points for the
LQG problem with an open-loop stable plant, where a criterion is established to check whether
the corresponding Hessian is indefinite or vanishing (Theorem 4.2). In contrast, we prove that all
minimal stationary points are globally optimal to the LQG problem (Theorem 4.3). These minimal
stationary points are identical up to similarity transformations. This is expected from the classical
result that the globally optimal LQG controller is unique in the frequency domain |1, Theorem 14.7].
We also construct an explicit family of LQG problems for which the second order shape of the LQG
cost function is ill-behaved around a minimal stationary point in the sense that its Hessian has a
huge condition number (see Theorem 4.4).

Our analysis implies that if local search iterates converge to a critical point that corresponds to
a controllable and observable controller, then the algorithm has found a globally optimal solution to
the LQG problem (Corollary 4.2). However, it requires further investigation on whether local search
algorithms can escape saddle points of LQG [27].

1.2 Related work

Optimization landscape of LQR The classical Linear-Quadratic Regulator (LQR), one of the
most well-studied optimal control problems, has re-attracted increasing research interest [6, 14,
7, 11, 28, 29|. In particular, LQR has been used as a benchmark problem to study how machine
learning methods interacts with continuous control. For model-free policy optimization methods,
the optimization landscape of LQR is essential to establish their performance guarantees. It is
shown in |6, 8| that both continuous-time and discrete-time LQR problems enjoy the property of
gradient dominance, and thus model-free gradient-based algorithms converge globally for solving
LQR problems under mild conditions [7]. Recent work has examined the optimization landscape of a
class of risk-sensitive state-feedback control problems, and policy optimization methods can converge
to the globally optimal policies [12]. Furthermore, a class of output-feedback linear quadratic control
problems in finite-horizon also satisfies the property of gradient dominance, and gradient algorithms
can reach the globally optimal solutions [30].

Since the globally optimal LQR controller is a static feedback policy, some recent studies have
also examined closely the connectivity of stabilizing static feedback policies [20, 13, 31]. It is shown
in [20] that the set of stabilizing static output feedback policies can be highly disconnected, and
that there are instances with an exponential number of connected components. This disconnectivity
poses a significant challenge for decentralized LQR problems with a subspace constraint. For general
decentralized LQR, policy optimization methods can only be guaranteed to reach some stationary
points [10]. We note that many landscape properties of LQR are derived using classical control
tools [8, 12, 30, 31], and there are an extensive literature on decentralized control (see e.g., [32, 33, 34]
and the references therein); it is promising to adapt classical decentralized LQR results for the
understanding of their optimization landscape. Our work uses classical control tools [1, 4, 5] to
analyze optimization landscape properties of the LQG problem.

Reinforcement learning for LQG and controller parameterization Recent studies have
also started to address performance guarantees for LQG with unknown dynamics, including offline
robust control [16, 17, 18] and online adaptive control [19, 35, 36]. The line of studies on offline
robust control first estimates a system model as well as a bound on the estimation error using
non-asymptotic analysis (see e.g., [16, 37, 38]), and then design a robust LQG controller that
stabilizes the plant against model uncertainty. One challenge is on establishing explicit performance
degradation with respect to model uncertainty for the robust LQG synthesis procedure [16, 17, 18|.
For online adaptive control, the recent work [19] has introduced an online gradient descent algorithm



to update LQG controller parameters that leads to a sub-linear regret in various settings; see [35, 36]
for further developments.

In both offline robust control [16, 17, 18] and online adaptive control [19, 35, 36|, a convex
reformulation of the LQG problem is essential for establishing performance guarantees. For example,
the work [19, 35, 36] employs the classical Youla parameterization [39], while the work [17, 18]
adopts the recent system-level parameterization (SLP) [40] and input-output parameterization
(IOP) [41], respectively. The Youla parameterization, SLP, and IOP recast the LQG problem into
an equivalent convex formulation in the frequency domain (see [42] for a comparison), but they all
rely on the underlying system dynamics explicitly. Thus, a system estimation procedure is required
a priori in [16, 17, 18, 19|, and these methods are all model-based. In our work, we consider a
natural model-free controller parameterization in the state-space domain for the LQG problem. This
parameterization does not depends on the system dynamics explicitly, but it leads to a non-convex
LQG formulation. Our results contribute to the understanding of its non-convex optimization
landscape, which shed lights to performance analysis of model-free RL techniques for learning LQG
controllers.

Nonconvex optimization with symmetry Nonconvex optimization has been widely employed
in machine learning: many important applications, from classical matrix factorization to modern
deep learning, rely on optimization over nonconvex functions |26, 23|. It is revealed that symmetry
properties are essential to understand the geometry of many nonconvex optimization problems. Two
important symmetry properties are rotational symmetry (e.g., in phase retrieval [21] and low-rank
matrix factorization [22, 23]) and discrete symmetry (e.g., in sparse dictionary learning [24| and
tensor decomposition [25]); see [26] for a recent survey. Under some technical assumptions, these
symmetry properties enable efficient local search methods to obtain global minimizers of nonconvex
optimization problems. In this paper, we highlight a new symmetry property defined by similarity
transformation in the LQG problem. This symmetry appears only in dynamical output-feedback
controller synthesis, and thus the LQR problem does not have this symmetry property. In addition,
a notion of minimal controllers is unique in control problems, making the landscape of LQG distinct
from many machine learning problems [26, 21, 22, 24, 25].

1.3 Paper outline

The rest of this paper is organized as follows. Section 2 presents the problem statement of the
Linear Quadratic Gaussian (LQG) control. We introduce our main results on the connectivity of
stabilizing controllers in Section 3, and present our main results on the structure of stationary points
of LQG problems in Section 4. Some numerical results on gradient descent algorithms for LQG
are reported in Section 5. We conclude the paper in Section 6. Appendices contain preliminaries
in control and differential geometry, proofs of auxiliary results, and a connectivity result of proper
stabilizing controllers.

Notations

We use R and N to denote the set of real and natural numbers, respectively. The set of k x k real
symmetric matrices is denoted by S*, and the determinant of a square matrix M is denoted by
det M. We denote the set of k x k real invertible matrices by GLj = {T' € R*** | det T # 0}. Given
a matrix M € RF>k2  MT denotes the transpose of M, and ||M||r denotes the Frobenius norm
of M. For any M, My € S¥, we use M; < My and My > M; to mean that M, — M, is positive
definite, and use M7 =X My and My = M; to mean that My — M is positive semidefinite. We use I},



to denote the k x k identity matrix, and use O, xx, to denote the ki X kg zero matrix; we sometimes
omit their subscripts if the dimensions can be inferred from the context.

2 Problem Statement

In this section, we first introduce the Linear Quadratic Gaussian control problem, and then present
the problem statement of our work.

2.1 The Linear Quadratic Gaussian (LQG) problem

Consider a continuous-time! linear dynamic system

&(t) = Azx(t) + Bu(t) + w(t) )
y(0) = C(t) + (1),

where x(t) € R™ represents the vector of state variables, u(t) € R™ the vector of control inputs,
y(t) € RP the vector of measured outputs available for feedback, and w(t) € R™, v(t) € RP are system
process and measurement noises at time ¢. It is assumed that w(t) and v(t) are white Gaussian noises
with intensity matrices W > 0 and V' > 0. For notational simplicity, we will drop the argument ¢
when it is clear in the context.

The classical linear quadratic Gaussian (LQG) problem is defined as

min J:= lim lIE /T <xTQx+uTRu) dt
u(t) TS0 T =0

(2)

subject to (1),

where Q = 0 and R > 0. In (2), the input u(t) is allowed to depend on all past observation y(7)
with 7 < t. Throughout the paper, we make the following standard assumption of minimal systems
in the sense of Kalman (see Appendix A.1 for a review of these notions).

Assumption 1. (A, B) and (A, W'/?) are controllable, and (C, A) and (Q'/?, A) are observable.

Unlike the problem of linear quadratic regulator (LQR), static feedback policies in general do not
achieve optimal values of the cost function, and we need to consider a class of dynamical controllers
in the form of

&(t) = Ak&(t) + Bry(t),
u(t) = Cké(1),

where £(t) € RY is the internal state of the controller, and Ak, Bk, Ck are matrices of proper
dimensions that specify the dynamics of the controller. We refer to the dimension ¢ of the internal
control variable ¢ as the order of the dynamical controller (3). A dynamical controller is called a
full-order dynamical controller if its order is the same as the system dimension, i.e., ¢ = n; if ¢ < n,
we call (3) a reduced-order or lower-order controller. We shall see later that it is unnecessary to
consider dynamical controllers with order beyond the system dimension n.

The LQG problem (2) admits the celebrated separable principle and has a closed-form solution
by solving two algebraic Riccati equations [1, Theorem 14.7|. Indeed, the optimal solution to (2) is

(3)

"We only consider the continuous-time case in this paper, but many analysis techniques can be extended to the
discrete-time case.



u(t) = —K&(t) with a fixed p x n matrix K and £(t) is the state estimation based on the Kalman
filter. Precisely, the optimal controller is given by

§=(A—-BK){+ Ly — C¢),

u = —KE¢. (4)

In (4), the matrix L is called the Kalman gain, computed as L = PCTV~! where P is the unique
positive semidefinite solution (see e.g., [1, Corollary 13.8]) to

AP+ PAT —pPCTV P+ W =0, (5a)

and the matrix K is called the feedback gain, computed as K = R™'BTS where S is the unique
positive semidefinite solution to

ATS + SA—SBR'BTS+Q=0. (5b)
We can see that the optimal LQG controller (4) can be written into the form of (3) with
Ak =A—-BK —-LC, Bxk=L, Ck=-K. (6)

Thus, the solution from Ricatti equations (5) is always full-order, i.e., ¢ = n. We note that two
dynamical controllers with the same transfer function K(s) = Ck(sI — Ak) ™! Bk lead to the same
LQG cost. In general, the optimal LQG controller is only unique in the frequency domain |1,
Theorem 14.7] but not unique in the state-space domain (3); any similarity transformation on (6)
leads to another optimal solution that achieves the global minimum cost?.

2.2 Parametrization of Dynamical Controllers and the LQG Cost Function

The controller (4) explicitly depends on the plant’s parameters A, B, C, and it may not be straight-
forward to compute (4) if A, B and C are not available. Recently, model-free policy gradient
methods have been applied in a range of control problems, such as LQR in discrete-time [6] and
continuous-time [8], finite-horizon discrete-time LQG problem [30], and state-feedback risk-sensitive
control [12]. These methods view classical control problems from a modern optimization perspective,
and directly optimize control policies based on system observations, without explicit knowledge of
the underlying model. To avoid the explicit dependence on model parameters A, B, C, we consider
the class of dynamical controllers in (3), parameterized by (Ak, Bk, Ck). As we will see later, this
allows us to view LQG (2) from a model-free optimization perspective.

In order to formulate the cost in (2) as a function of the parametrized dynamical controller
(Ak, Bk, Ck), we first need to specify its domain. By combining (3) with (1), we get the closed-loop

- e %166 2JL)
2= s+

It is known from classical control theory |1, Chapter 13| that under Assumption 1, the LQG cost is
finite if the closed-loop matrix

Pl B P R e O I 8

2This is a well-known fact and can be verified easily; see Lemma 4.1.

(7)




is stable [1], i.e., the real parts of all its eigenvalues are negative; dynamical controllers satisfying
this condition is said to internally stabilize the plant (1). Furthermore, it is a known fact in control
theory that the optimal controller (6) obtained by solving the Riccati equations internally stabilizes
the plant. We therefore parametrize the set of stabilizing controllers with order ¢ € N by3:4

_ Jw_ [Pk Ck (m+q)x(p+9)
cyie (k=[x %] e

Dk = Opyxp, (8) is stable} , 9)

and let J,(K) : C; — R denote the function that maps a parametrized dynamical controller in C; to
its corresponding LQG cost for each ¢ € N. It can be shown that the set of full-order stabilizing
controllers C,, is nonempty as long as Assumption 1 holds [1], and since it also contains the optimal
LQG controller to (2), we will mainly focus on the set of full-order stabilizing controllers C,, in this
paper. We will abbreviate J,,(K) as J(K) when no confusions occur.

The following lemma shows that the set C,; can be treated as an open set when it is nonempty.
This is a direct consequence of the fact that the Routh—Hurwitz stability criterion returns a set of
strict polynomial inequalities in terms of the elements of (Ak, Bk, Ck).

Lemma 2.1. Let ¢ > 1 such that Cq is nonempty. Then, Cy is an open subset of the linear space

_J|Dx Ck (m+4)x (p+4)
Vg = { [BK AK] eR

Dk = OmXp} : (10)

The following two lemmas give useful characterizations of the LQG cost function J,;. These
results are known in the literature; we provide a short proof in Appendix B.1 for completeness.

Lemma 2.2. Fiz g € N such that C; # @. Given K € Cy, we have

wo-u((§ ) o} nbad®)

where Xk and Yk are the unique positive semidefinite solutions to the following Lyapunov equations

}
A BCk A BT w0 1.
[BKC Ak ] Xkt K [BKC' Ax ] [o BKVB;] =0 (122)
T
A BCk A BCk| | 0 | _
[BKC Ax } Yie+ Yic [BKC Ax ] + [o C;RCK] =0 (12b)

Lemma 2.3. Fiz g € N such that Cq # @. Then, J, is a real analytic function on Cq.

Now, given the dimension n of the plant’s state variable, the LQG problem (2) can be reformulated
into a constrained optimization problem:

min  J,(K)
) (13)
subject to K € C,.

3We explicitly include the zero matrix Dk in the definition of Cq, which corresponds to the set of strictly proper
dynamical controllers. If we allow Dk to be non-zero, we will have a proper dynamical controller; see Appendix C. In
this definition, when g = 0, we have Cq = {Omxp} if the plant (1) is open-loop stable, and C; = & otherwise.

n (9), for notational simplicity, we lumped the controller parameters into a single matrix; but it should be
interpreted as a dynamical controller, represented by (3). Note that this definition allows us to apply block-wise
matrix operations; see e.g., (14).



After reformulating the LQG (2) into (13), it is possible to estimate the gradient of J,(K) from
system trajectories, and one may further derive model-free policy gradient algorithms to find a
solution to (13). To characterize the performance of policy gradient algorithms, it is necessary to
understand the landscape of (13). It is well-known that C, is in general non-convex. Lemma 2.3
indicates that J,, is a real analytical function. However, little is known about their further geometrical
and analytical properties, especially those that are fundamental for establishing convergence of
gradient-based algorithms. In this paper, we focus on the following two topics of the set C,, and the
LQG cost function Jy,:

1) The connectivity of C,, and its implications, which will be studied in Section 3. Connectivity
of stabilizing controllers has received increasing attention, but most recent results focus on
state-feedback controllers or static output-feedback controllers [6, 8, 13, 20]. It is known that
the set of stabilizing state-feedback policies is in general non-convex but connected, and this
connectivity is fundamental for gradient-based local search algorithms to find a good solution. It
is also known that the set of stabilizing static output-feedback policies can be highly disconnected
(there exist cases with an exponential number of connected components [20]). The connectivity of
dynamical controllers C,,, however, is unknown and has not been discussed before in the literature.

2) The structure of the stationary points and the global optimum of J,, which will be studied
in Section 4. A classical result in control is that the solution to the LQR problem is unique under
mild technical assumptions, which is an important fact in establishing the gradient dominant
property of the LQR cost function |6, 8]. In addition, it has been recently shown that a class
of output-feedback controller design problem in finite-time horizon also has a unique stationary
point [30]. However, it is expected that the stationary points of the LQG problem (13) are not
unique due to the non-uniqueness of globally optimal solutions in the state-space domain. We
aim to reveal further structure properties of stationary points of the LQG problem (13).

3 Connectivity of the Set of Stabilizing Controllers

In this section, we characterize the connectivity of the set of full-order stabilizing controllers C,,. We
first have the following observation.

Lemma 3.1. Under Assumption 1, the set C,, is non-empty, unbounded, and can be non-convex.

Proof. 1t is a well-known fact in control theory that C,, # @ under Assumption 1. In particular, any
pole assignment algorithm or solving the Ricatti equations (5a) and (5b) can find a feasible point in
Cn. To show the unboundedness of C,, we introduce the following set

S, = K= |: 0 CK] e R(m+n)x(p+n)
A — BK and A — LC are stable

Bk Ak

Ak =A—-BK — LC, Bx =L, CK:—K,}

It has been established in classical control theory that S, C C, |1, Chapter 3.5] and the set
{K | A— BK is stable} is unbounded (see, e.g., [13, Observation 3.6]). Thus, the set S, is
unbounded, and so is C,,. Non-convexity of C, is also known and can be illustrated by the explicit
counterexample in Example 1. O

Example 1 (Non-convexity of stabilizing controllers). Consider a dynamical system (1) with

A=1, B=1, C=1.



The set of stabilizing controllers C,, = C; is given by

_ _ 0 Ck 2x2
o= k[0 e

1 Ck| .
l:BK AIJ is stable}.

It is easy to verify that the following dynamical controllers

w_[0 2 @ _ [0 -2
: [—2 —2}’ « [2 -2

internally stabilize the plant and thus belong to C;. However, K= % (K(l) + K(Q)) = [O 0 ] fails

0 -2
to stabilize the plant. O
3.1 Main Results

We first introduce the notion of similarity transformation that has been widely-used in control theory.
Given ¢ > 1 such that C; # @, we define the mapping .7 : GL; x C; — C, that represents similarity
transformations on C, by

L I, 0| |Dk Ck Ip 0 _1_ Dy CKT_l
I4(T, K) = [0 T} [BK AJ {0 T} " |TBx TAKT |- (14)

It is not hard to verify that for any invertible matrix 7' € GL, and K € Cy4, Z,(T,K) is indeed
a stabilizing controller of order ¢ and thus is in C;. We can also check that .7; is indefinitely
differentiable on GL4 x Cy, and that

Ty(Ts, Ty(T1, K)) = Ty(T5T3, K) (15)
for any invertible 77,75 € GL4. This implies that for any fixed 7' € GL,, the map
K— Z,(T,K)

admits an inverse given by K — %(T‘l, K). Therefore, we have the following result (see Appendix A.3
for a review of manifolds and diffeomorphism).

Lemma 3.2. Given q > 1 such that Cqy # @, for any invertible matriz T € GLg, the map
K— Z,(T,K)
is a diffeomorphism from C, to itself.

Our main technical results in this section are on the path-connectivity of C,,. Recall that .7, (T, K)
is defined by (14). For notational simplicity, for any fixed T' € GL,,, we let I : C,, — C,, denote the
mapping given by

7 = 7T = | L.

TBx TAT!

We are now ready to present the main technical results.

Theorem 3.1. Under Assumption 1, the set C, has at most two path-connected components.

Theorem 3.2. If C,, has two path-connected components Cél) and C7(12), then C,(Ll) and cﬁf) are
diffeomorphic under the mapping I, for any invertible matriz T € R™"™ with det T' < 0.



Theorem 3.2 shows that even if C,, has two path-connected components, there exists a linear
bijection mapping defined by a similarity transformation 7 between these two components. In
the following theorem, we present a sufficient condition under which C,, is path-connected. This
condition becomes necessary for a class of dynamical systems with single input or single output.

Theorem 3.3. Under Assumption 1, the following statements are true.

1) C,, is path-connected if there exists a reduced-order stabilizing controller, i.e., Cp—1 # &.
2) Suppose the plant (1) is single-input or single-output, i.e., m =1 or p = 1. Then the set C, is
path-connected if and only if C,—1 # @.

One main idea in our proofs is based on a classical change of variables for dynamical controllers
(see, e.g., [5]). We adopt the change of variables to construct a set with a convex projection and a
surjective mapping from that set to C,, and then path-connectivity results generally follow from
the fact that a convex set is path-connected. The potential disconnectivity of C,, comes from the
fact that the set of real invertible matrices GL,, = {II € R"*" | detII # 0} has two path-connected
components [43]: GL,} = {Il € R™*" | detII > 0}, GL,, = {IT € R™*" | detII < 0}. The full proofs
are technically involved, and we postpone them to Section 3.2— 3.4.

Here, we note that given any open-loop unstable first-order dynamical system, i.e., n = 1, and
A > 01in (1), it is easy to see that there exist no reduced-order stabilizing controllers, i.e., C,,—1 = &.
Thus, Theorem 3.3 indicates that its associated set of stabilizing controllers C,, is not path-connected.
We provide an explicit single-input and single-output (SISO) example below.

Example 2 (Disconectivity of stabilizing controllers). Consider the dynamical system in Example 1:
A=1, B=1, C=1.

Since it is open-loop unstable and only has state of dimension n = 1, we know C,_1 = &. Thus,
Theorem 3.3 indicates that its associated set of stabilizing controllers C, is not path-connected.
Indeed, using the Routh—Hurwitz stability criterion, it is straightforward to derive that

_ _ 0 CK 2%2 A BCK .
Ci —{ = [BK AJ cR BC  Ax is stable

_ _ 0 CK 2x2
_{ a {BK AK} <K

This set has two path-connected components: C; = C” UC; with C;" N C; = ), where

cf::{K: {0 CK] € R¥*?

(16)

Ak < —1, BkCk < Ak, Bk > 0} ,

BK AK
_ 0 C
Cl = { = |:BK A:::| S R2X2 Ak < —1, BkCk < AK, Bk < 0} .

In addition, as expected by Theorem 3.2, it is easy to verify that Cf and C; are homeomorphic
under the mapping 7, for any T < 0. Figure la illustrates the region of the set C; in (16). O

In Appendix B.3, we present a nontrivial second-order SISO system, for which C,_1 = @ and C,
is disconnected. Theorem 3.3 also suggests the following corollary.

Corollary 3.1. Given any open-loop stable dynamical system (1), i.e., A is stable, we have that C,
18 path-connected.
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(a) C1 for Example 2 (b) C: for Example 3

Figure 1: The set of stabilizing controllers C; for Examples 2 and 3: (a) For Example 2, the set C; given
by (16) has two path-connected components; (b) For Example 3, the set C; given by (17) is path-connected.

Proof. Since the dynamical system (1) is open-loop stable, thus

K = OmXP Omx(n—l)

€ Cp_1,
O(n—l)xp —In ol

and C,—1 # @. By Theorem 3.3, C,, is path-connected. O

Example 3 (Stabilizing controllers for an open-loop stable system). Consider an open-loop stable
dynamical system (1) with
A=-1, B=1, C=1.

Since it is open-loop stable, Corollary 3.1 indicates that its associated set of stabilizing controllers C,,
is path-connected. Using the Routh—Hurwitz stability criterion, it is straightforward to derive that

_ 10 Ck 22
e[l e

AK < 1,BKCK < —AK} . (17)

This set is path-connected, as illustrated in Figure 1b.

Before presenting the technical proofs, we note that the controllers of C,, in (9) are always
strictly proper, which is sufficient for the LQG problem (2). For closed-loop stability, we can also
consider proper dynamical controllers. We provide this discussion in Appendix C: Unlike C,, that
might be disconnected, the set of proper stabilizing dynamical controllers is always connected (see
Theorem C.1).

Remark 1 (Connectivity of the feasible region of LQR/LQG and gradient-based algorithms). Moti-
vated by the success of data-driven RL techniques, some recent studies revisited the classical LQR
problem from a modern optimization perspective and designed policy gradient algorithms [6, 8, 12].
The connectivity of feasible region (i.e., the set of stabilizing controllers) becomes important to
local search algorithms (e.g., policy gradient) since they typically cannot jump between differ-
ent connected components. It is known that the set of stabilizing static state-feedback policies
{K € R™*" | A — BK is stable} is connected [13], and this is one important factor in justifying the

11



performance of the algorithms in [6, 8, 12]. On the other hand, the set of stabilizing static output
feedback policies {Dk € R"™*P | A — BDkC is stable} can be highly disconnected [20], posing a
significant challenge for local search algorithms. In Theorems 3.1, 3.2 and 3.3, we have shown that
the set of stabilizing controllers C,, in LQG problem has at most two path-connected components that
are diffeomorphic to each other under a particular similarity transformation. Since similarity trans-
formation does not change the input/output behavior of a controller (see Appendix A.1), it makes
no difference to search over any path-connected component in C,, even if C,, is not path-connected.
This brings positive news to gradient-based local search algorithms for the LQG problem.

3.2 Proof of Theorem 3.1

The following Lyapunov stability criterion [44] plays a central role in our proof: A square real matrix
M is stable if and only if the Lyapunov inequality

MP+PM" <0

has a positive definite solution P > 0.

The analysis of the path-connectivity of C, is similar with analyzing the connectivity of the set of
stabilizing static state feedback policies: We first adopt a classical change of variables that has been
used for developing convex reformulation of controller synthesis problems, and then path-connectivity
results generally follow from the fact that a convex set is path-connected; see Remark 2 for details.

Remark 2 (Connectivity of stabilizing static state-feedback policies). The path-connectivity of the
set of stabilizing static state-feedback policies { K € R"™*" | A — BK is stable} is easy to show:
{K € R™*" | A — BK is stable}
— {K e R™" | 3P » 0,P(A— BK)" + (A — BK)P < 0}

T TpT (18)
— {K e R™"| 3P~ 0,PA" —L'B" 4+ AP - BL < 0,L = KP}
— {K=LP 'eR™"|3P~0,PA" — LTBT + AP — BL < 0}.
Since the set
{(P,L)| P>~ 0,PAT — L"BT + AP — BL < 0} (19)

is convex and the map K = LP~! is continuous for the elements in (19), we know {K € R™*" |
A — BK is stable} is path-connected. The second equivalence in (18) utilizes a well-known change
of variables K = LP~'. This trick is essential to derive convex reformulations for designing state-
feedback policies in various setups [44]. We note that the trick (18) has been used in [13, §|.

The main strategy in the proof of Theorem 3.1 is similar to (18), but we need to use a more
complicated change of variables for dynamical controllers in the state-space domain [5]. To see the
difficulty, applying the Lyapunov stability result leads to®

[A 1+ BDkC BCk

BcC Ax ] is stable

(20)

N
A+ BDkC BCK] [A + BDkC BCk P <o,

<— 3P>0,P[ BcC Ax BcC Ax

where the coupling between the auxiliary variable P and the controller parameters Ak, Bk, Ck, Dk
are much more involved.

"We explicitly include the matrix Dk in the Lypuanov inequality (20): Dk = 0 corresponds to strictly proper
controllers and Dk # 0 corresponds to proper controllers; see Appendix C.
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In our proof, we adopt the change of variables presented in [5]. Given the system dynamics
(A, B,C) in (1), we first introduce the following convex set®

Fn = {(X,Y, M,G,H,F)| X,Y € S", M € R"" G = Opyxp, H € R"*P F € R™*",

21
X I|_, [AX+BF A+BGC| , [AX+BF A+BGC T 0 @)
Y ’ M YA+HC M YA+HC ’
and the extended set
(X,Y,M,G,H,F) € Fp,
Gn:=2Z=(X,Y,M,G,H,F,ILE)| _ _ o : (22)
ILEeR™ Ell=1-YX

We shall later see that there exists a continuous surjective map from G, to C,, and the path-
connectivity of the convex set F,, plays a key role in analyzing the path-connected components of
Cp. Before proceeding, we note the following observation for each element in G,.

Lemma 3.3. For any (X,Y,M,G,H, F\11,E) € G,,, Il and = are always invertible, and consequently,

. . I 0 I CX . .
the block triangular matrices [YB :} and [O N ] are invertible.

—

Proof. By definition, for all (X,Y, W, G, H, F,11,=Z) € G,, we have [i.( }{,] > 0, implying that

det(YX — 1) = det X det(Y — X ) = det [)I( 3{.] > 0.
Thus, det(II) # 0 and det(Z) # 0, indicating they are both invertible. The invertibility of the other
two block triangular matrices is straightforward. O

We now define a mapping from G, to a subset of R(m+n)x®+n),

Definition 1 (Change of variables via nonlinear mapping). For each Z = (X,Y, M, G, H, F, 11, E)
in G, let

®(2) = EE% ifgﬂ = [YIB gyl [zcj M—}i’/AX] [é Crf } _1' (23)

It is easy to see that ®p(Z) = G = 0 for Z € G,,. We point out that this mapping (23) is
derived from the change of variables presented in [5], which is essential to obtain equivalent convex
reformulations for a range of output-feedback controller synthesis, including H., and Hs optimal
control. The following result builds an explicit connection between G, and C,, via the mapping P,
and its proof is provided in Appendix B.2.

Proposition 3.1. The mapping ® in (23) is a continuous and surjective mapping from G, to Cy.

After establishing the continuous surjection from G, to C,, it is now clear that we can study the
path-connectivity of C,, via the path-connectivity of G,: Any continuous path in G, will be mapped
to a continuous path in C,,, and thus any path-connected component of G,, has a path-connected
image under the mapping ®. Consequently, the number of path-connected components of C,, will be
no more than the number of path-connected components of G,,.

We now proceed to provide results on the path-connectivity of the set G,.

5We explicitly include the zero matrix G in the definition of F,,, for which the purpose will become clear when
studying the set of proper stabilizing controllers; see Appendix C.
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Proposition 3.2. The set G,, has two path-connected components, given by
G = {(X,Y,M,G,H,FILZ)€G,| detIl > 0},
G, = {(X,Y,M,G,H,F,11,E) € G, | detIl < 0}.

Proof. First, the convexity of F,, implies that set F,, is path-connected. We then notice that the set
of real invertible matrices GL,, = {Il € R"*" | detII # 0} has two path-connected components [43]

GL} = {IT € R™™ | detII > 0}, GL, = {Il € R™" | detII < 0}.

Therefore the Cartesian product F,, x GL,, has two path-connected components. Finally, it is not
hard to verify that the following mapping

(X,Y,M,G,H,F,TI) - (X,Y,M,G, H,FIIL (I - YX)II'}

is a continuous bijection from F,, x GL, to G,.
Therefore G,, also has two path-connected components, and their expressions are evident. O

Proposition 3.2 then implies that C,, has at most two path-connected components. Precisely,
upon defining

Cr=o(GhH), C,=2(G,),

the two path-connected components of C, are just given by C;” and C,,, if C,, is not path-connected.
This completes the proof of Theorem 3.1.

3.3 Proof of Theorem 3.2

In the previous subsection, we have already shown that C;/ and C, are the two path-connected
components if C, is not connected. In order to prove Theorem 3.2, it suffices to show that, regardless
of the path-connectivity of C,, for any T' € R™™" with det T' < 0, the mapping I restricted on C,
gives a diffeomorphism from C to C,, .

Since Jr is a diffeomorphism from C,, to itself with inverse J7—1, and C;" and C,; are two open
subsets of C,, to complete the proof, we only need to show that

ﬂT(C,J{) cc,, and Ir-1(C,)) C C;f

when detT" < 0. Consider an arbitrary point

_ |10 Gk ot
[0 9 cer.

By the definition of C;, there exists Z = (X,Y, M, G, H, F,11,Z) € G,} such that ®(Z) = K. Now let

A~

=71 Z==27"' 7Z=(X,Y,M,G H, F]ILZ).
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It is not difficult to verify that Zc G, Since det I =detT -detIl < 0, we have Zc G, . Then,

w0- [ )
- :YIB g]‘l [g M—J;/AX] [é Cfﬂ_l

i 0 CKT_1
= |TBk TAKT!
= yT( )a

which implies that Z7(K) € ®(G,;) = C,; and consequently 77 (C;}) C C,, .
The proof of Zp-1(C,;) C C,F is similar by noting that det 7—! < 0 if and only if det T < 0.
3.4 Proof of Theorem 3.3

We first show that the nonemptiness of C,,—1 implies the path-connectivity of C,,. Indeed, suppose
there exists K € C,—1. Then it can be augmented to be a full-order controller in C,, by

0 Ck O
K= |Bx Ak 0
0 0 -1

Now define a similarity transformation matrix

Ly 0
[z 2

By the proof of Theorem 3.2, we can see that K € CF implies .77 (K) € CF. On the other hand, we
can directly check that 77 (K) = K. Therefore we have

Kectnc,,

indicating that C,;/ N C, is nonempty. Consequently, C,, is path-connected.

We then carry out the analysis for the case when the plant is single-input or single-output. The
goal is to find a reduced-order controller in C,—; when C,, is connected. Here we only prove the
single-out case; the single-input case can be proved similarly, i.e., using the observability matrix or
by the duality between controllability and observability.

Let T be any real n xn matrix with det T' < 0. Let K(O) € C,, be arbitrary, and let K = % (K(©)).
If C,, is path-connected, then there exists a continuous path

0 Ok(t)

K() = [BK(w AK(t>] - tel0]

in C, such that



Now for each ¢ € [0, 1], let C(¢) denote the controllability matrix for (Ak(t), Bk(t)), i.e.,
C(t) = [BK(t) AK(t)BK(t) s AK(t)n_lBK(t)] c Rnxn’

where the dimension of C() is n X n since the plant is single-output (i.e., the controller is single-input).
We then have C(1) = T'C(0), and thus

det C(1) - det C(0) < 0.
On the other hand, it can be seen that det C(¢) is a continuous function over ¢ € [0, 1]. Therefore
detC(7) =0

for some 7 € (0,1), implying that (Ak(7), Bk(7)) is not controllable. This indicates that the transfer
function Ck(7)(sI, — Ak(7)) ' Bk(7) can be realized by a state-space representation with dimension
at most n — 1 (see Appendix A.1), and consequently C,,_1 # &.

4 Structure of Stationary Points

We have shown that the set of stabilizing controllers C,, might be disconnected, and that the potential
disconnectivity has no harm to gradient-based local search algorithms. In this section, we proceed to
characterize the stationary points of the cost function in the LQG problem (2), which is another
important factor for establishing the convergence of gradient-based algorithms.

Section 4.1 discusses the invariance of the LQG cost J; under similarity transformation and its
implications. Section 4.2 shows how to compute the gradient and the Hessian of the LQG cost J,.
In Section 4.3, some results related to non-minimal stationary points are provided. We characterize
the minimal stationary points for LQG over C,, in Section 4.4. Finally, in Section 4.5, we discuss the
second-order behavior of .J,(K) around its minimal stationary points.

4.1 Invariance of LQG Cost under Similarity Transformation

As shown in Lemma 3.2, the similarity transformation .7 (T, -) is a diffeomorphism from C; to itself
for any invertible matrix 7' € GL,;. Then together with (15), we can see that the set of similarity
transformation is a group that is isomorphic to GL,. We can therefore define the orbit of K € C; by

Ok = {F,(T,K) | T € GL}.

It is known that the LQG cost is invariant under the same similarity transformation, and thus is a
constant over an orbit Ok for any K € C,.

Lemma 4.1. Let ¢ > 1 such that Cy # @. Then we have
Jo(K) = Jo(F4(T, K))
for any K € C; and any invertible matriz T € GL,.

Proof. Given any K € C, and any invertible T' € R9*9, we know that .7 (T,K) € C,. Thus, the
Lyapunov equation (12a) admits a unique positive semidefinite solution for each of K and .7, (T, K)
(see Lemma A.1).

16



270

180

90

(a) Open-loop unstable system in Example 2 (b) Open-loop stable system in Example 3

Figure 2: Non-isolated and disconnected globally optimal LQG controllers. In both cases, we set Q@ =1, R =
1,V =1,W =1. (a) LQG cost for the open-loop unstable SISO system in Example 2 when fixing Ax = -1 —
21/2, for which the set of globally optimal points { (B, Ck) | Bk = (1+v2)#,C«k = —(1+ V2)T, T # 0} has
two connected components. (b) LQG cost for the open-loop stable SISO system in Example 3 when fixing Ax =
1—2+/2, for which the set of globally optimal points {(Bk,Ck) | B« = (=1 +v2)%,Ck = (1 — v2)T, T # 0}
has two connected components.

Suppose that the solution of (12a) for K is Xk. Then, it is not difficult to verify that the unique

solution of (12a) for 7, (T, K) is
-
I 0 I 0
o o]l 7]

Therefore, we have
T
_ Q 0 I 0 I 0
JQ(%(Ta K)) =tr <|:0 (CKT—I)TRCKT—I] |:0 T:| XK |:0 T:| >

(@ 0
=o(([§ ched ™)

:JQ(K)7
where the second identity applies the trace property tr(AB) = tr(BA) for A, B with compatible

dimensions. O

The following proposition shows that every orbit Ok corresponding to controllable and observ-
able controllers has dimension ¢?> with two path-connected components. The proof is given in
Appendix B.6.

Proposition 4.1. Suppose K € C, represents a controllable and observable controller. Then the
orbit O is a submanifold of Cy of dimension ¢*, and has two path-connected components, given by

Of = {Z,(T,K) | T € GL,,det T > 0},
Ox = {Z,(T,K) | T € GL,,det T < 0}.

From Lemma 4.1 and Proposition 4.1, one interesting consequence is that given a globally optimal
LQG controller K* € C,,, then any controller in following orbit is globally optimal

Ok = {Z,(T,K*) | T € GL,}.
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Figure 3: A graphical illustration of a manifold M and its tanget space 7,M at some point & € M. Here
~(t) is an arbitrary C'* curve in M that passes through z, and v is the tangent vector of v(¢) at . The
tangent space T, M consists of all such vectors v.

If K* is minimal (i.e., controllable and observable), the orbit Ok~ is a submanifold in V,, of dimension
n?, and it has two path-connected components. Figure 2 demonstrates the orbit of globally optimal
LQG controllers for an open-loop unstable system and another open-loop stable system, which shows
that the set of globally optimal LQG controllers are non-isolated and disconnected in C,,.

Proposition 4.1 guarantees that for any controllable and observable K € Cg, the orbit Ok is a
submanifold of dimension ¢? in Cq, which allows us to define the tangent space of Ok.T For each
minimal K € Cy, we use 7Ok to denote the tangent space of Ok at K, and treat it as a subspace of
Vy; recall that V, is defined by (10). The dimension of 7Ok is then

dim 7Ok = dim Ok = ¢>.

We denote the orthogonal complement of 7Ok in V; by 7'(9&. The following proposition characterizes
the tangent space TOk and its orthogonal complement 7 Qi at a minimal controller K € Cy.

Proposition 4.2. Let K € C, represent a controllable and observable controller. Then

(T o —CkH oxa
7Ok = {[HBK HAK—AKH] ‘HER ’

0 Agp
TOr =4 A= Kley
K { |:ACK AAJ I

Ap Ak — ARA 4, + Ap B — CRAg, = o} :

Proof. Let H € R?*? be arbitrary. Then for sufficiently small €, we have

. 0 Ck(I + GH)_I
To(I + el K) = [(I v eH)Bx (I +cH)A(I + eH)™

B 0 _CkH

—K+6{HBK HAK—AKH]+O(6)’

implying that the tangent map of .7, (-, K) at the identity is given by

Hr—>[ 0 —CkH ]

HBx HAk — AcH

"See Appendix A.3 for the definition of tangent spaces. A visualization of a manifold M and its tangent space
T+M at one point © € M is provided in Figure 3.
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Then since .7 (-, K) is a diffeomorphism from GL, to Ok, the tangent map of 7 (-, K) at the identity
is an isomorphism from R?*¢ (the tangent space of GL, at the identity) to the tangent space T Ok.

Thus
— 0 —CkH axq
ToK_{[HBK HAK_AKHHHG]R |

Then the orthogonal complement TO& is given by

TOE = {A eV, ‘ tr(UTA) = 0 for all U € TOK}

- - T
. _ 0 ABK 0 —CkH _ qxq
_{A__ACK AAK_GVQ tr([HBK HAK—AKH} A) =0,VH € R
Y N Y- ey trHT<AA AL — AYA 4. + Ap BY — CT A ): 0,VH € RI*
_ACK AAK_ q KK K K kK ~K K K ’
N B Y Ap Ak — ARA 4 + Ap B — CRAg, =0
_ACK AAK_ q KK K K K~ K K K :
This completes the proof. O

We conclude this subsection by noting that the LQG cost function J,(K) is not coercive in the
sense that there might exist sequences of stabilizing controllers K; € C, where lim;_,o K; = K € 9C,
such that

lim Jq<Kj) < 00,
J]—00
and sequences of stabilizing controllers K; € C, where lim;_, ||K;|| 7 = oo such that
lim Jq(Kj) < 0.
J—00
The latter fact is easy to see from Proposition 4.1 since the orbit Ok can be unbounded and J,(K)

is constant for any controller in the same orbit. The following example shows that the LQG cost
might converge to a finite value even when the controller K goes to the boundary of C,.

Example 4 (Non-coercivity of the LQG cost). Consider the open-loop stable SISO system in
Example 3, and we fix @ =1, R=1,V = 1,W =1 in the LQG formulation. The set of full-order
stabilizing controllers C; is shown in (17). We consider the following stabilizing controller

0 e
Ke = |:—6 0:| eCl, VE;AO.

It is not hard to see that lim._,o K € 9C;. By solving the Lyapunov equation (12a), we get the
unique solution as

e +1 €
— 2 2
)(K6 € 62 1 )
2 2
and the corresponding LQG cost as
1+3e% + ¢
J(Ke) = —
Therefore, we have lim._,o J(K¢) = 1/2, while lim,_,o K. € 9C;. O
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4.2 The Gradient and the Hessian of the LQG Cost

The following lemma gives a closed-loop form for the gradient of the LQG cost function J,, and its
proof is given in Appendix B.4.

Lemma 4.2 (Gradient of LQG cost J;). Fiz g > 1 such that Cq # &. For every K = [BO ZK] € Cy,
K Ak
the gradient of J4(K) is given by
0 0J4(K)
VJ,(K) = 9Ck |
q 0Jq(K)  9J4(K)
0Bk 0Ak
with
0Jy(K) _ o (vT
9A 2 (Y12X12 + Y22X22) ) (24a)
0J,(K
() _ (YQQBKV 4 Ve XLOT + YlTQXnCT) , (24b)
0Bk
0J,(K
oK) _ (RCKkXaz + BTY11 X1z + BTY12X0) (24c)
0Ck
where Xk and Yk, partitioned as
XU X12 Yll Y12
Xk = , Yk = 25
i A R [F &

are the unique positive semidefinite solutions to (12a) and (12b), respectively.

We next consider the Hessian of J,(K). Let K be any controller in C,;, and we use Hessk :
Vy X V4 — R to denote the bilinear form of the Hessian of J; at K, so that for any A € V,, we have

Jn(K+ A) = Jo(K) + tr (VJq(K)TA) + %HessK(A, A) +o(| A1)

as ||A||r — 0. Obviously, Hessk is symmetric in the sense that Hessk(x,y) = Hessk(y, x) for all
x,y € Vy. The following lemma shows how to compute Hessk (A, A) for any A € V, by solving three
Lyapunov equations, whose proof is given in Appendix B.4.

Lemma 4.3. Fiz ¢ > 1 such that C; # @. Let K = 0 Ck

Bk Ag
[ 0 Ac,
A, Ay

] € Cq. Then for any A =

] € V,, we have

0  BAg,
ApC Ay,

0 0

— . /
Hessk(A,A) = 2tr (2 [ 0 C,?TRACK] Xk .A

} Xiea - Yier +2 {

+ 0 0 Y+ + 0 0 X
0 A VAL |7 {0 AL RAq |
where X+ and Yg~ are the solutions to the Lyapunov equations (12a) and (12b), and Xy. o €

R Tax(n+49) 45 the solution to the following Lyapunov equation

[A BC: A BCg

"
/! !/ —
mo ] Meat S i U] a0 20
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with

0  BAg, 0 BACK}TJF [0 0

Mi(Xke. A) = Xue + Xur _
1(Xk-, A) [ABKC AAK] K=+ AK [ABKC’ A, 0 BLVAL +ApVBLT

From Lemma 4.3, one can further compute Hessk (A1, Ag) for any A1, Ay € V,, by
HessK(Al, Az) = (HGSSK(Al + Ay, A1 + AQ) — HessK(A1 — Ao, A — AQ))

(HessK(Al + AQ, Al + AQ) - HessK(Al, Al) - HeSSK(AQ, Ag)) .

DO | = | =

4.3 Non-minimal Stationary Points

In this part, we show that the LQG cost J,,(K) over the full-order stabilizing controller C,, may have
many non-minimal stationary points that might be strict saddle points.

We first investigate the gradient of J,(K) under similarity transformation. Given any T' € GL,,
recall the definition of the linear map of similarity transformation .7, (T',K) in (14). The following
lemma gives an explicit relationship among the gradients of Jy(-) at K and .7 (T, K).

0 Ok

Lemma 4.4. Let K = [BK Ax

} € Cy be arbitrary. For any T € GL4, we have

I, O I, 0
VJQ‘%(T,K) = |: 0 TT:| VJ |K |:0 TT:| (27)
Proof. Let A € V,; be arbitrary. We have

Jo(Ty (T, K+ A)) = Jy(74 (T, K))
= Jo(T4 (T, K) + F4(T, A)) = Jy(F4 (T, K))

)
TP REACHN| BN

L[ CETETS N i P PO | FR(IND

j L 01"\
— tr ([5” 2Vl 8 ) ) Al +o(lA]).

On the other hand, Lemma 4.1 shows that the LQG cost stays the same when applying similarity
transformation. Thus, we have

Jo(Tr (K+ A)) — Jo(T1 (K)) = Jy(K + A) — Jy(K)
=t [ (Vo) " A] + (A1),

By comparing the two equations, we get

T T
I, 0 I, 0
Vil = [0 T] Vol g i) - [éﬂ Tl] ’
which then leads to the relationship (27). O
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As expected, a direct consequence of Lemma 4.4 is that, if K € C; is a stationary point of J,
then any controller in the orbit O is also a stationary point of J,. In addition, Lemma 4.4 allows
us to establish an interesting result that any stationary point of J; can be transferred to stationary
points of J,4, for any ¢’ > 0 with the same objective value.

0 Ck
Bi Ak
VJ,(K*) = 0. Then for any ¢ > 1 and any stable A € RY %9 the following controller

Theorem 4.1. Let ¢ > 1 be arbitrary. Suppose there exists K* = [ ] € Cy such that

~ 0.1Cx 0
K= "B Az "0 | €Coty (28)
00 A

is a stationary point of Jyig over Coyy satisfying Joyq (R*) = Jq(R).

Proof. Since K* € C,, we have K* e Cy+q by construction. It is straightforward to verify that

x & . I 0
%+qz(T,K):K with T:[(;Z _Iq’:|‘

Therefore, by Lemma 4.4, we have

Vigtg

I 0
ke = Vdgrg e ] - Vigtg

o ~ p+q O
Zz+q’(T»K*) 0 Iy K> 0 —Iy]’

which implies that, excluding the the bottom right ¢’ x ¢’ block, the last ¢’ rows and the last ¢
columns of VJ, |z, are zero. On the other hand, it can be checked that

K*
K 0
see([€ ) =0, wkee,

and since V.J,(K*) = 0, we can see that the upper left (m + ¢) x (p + ¢) block of VJy, |, is equal
to zero. Then, from Lemma 2.2, it is not difficult to verify that the value J,(K*) is independent of
the ¢’ x ¢’ stable matrix A, and thus the bottom right ¢’ x ¢’ block of VJg 4

We can now see that V.J

is zero.

K*
i~ = 0. This completes the proof. O

Theorem 4.1 indicates that from any stationary point of J, over lower-order stabilizing controllers
in Cy, we can construct a family of stationary points of J,, over higher-order stabilizing controllers
in Cyyq. Moreover, the stationary points constructed by (28) are neither controllable nor observable.
This indicates that, if the globally optimal controller of J,, is controllable and observable, and if the
problem

Kiin Jq(K)
has a solution for some g < n, then there will exist many strictly suboptimal stationary points of Jy,
over C,.

The following theorem explicitly constructs a family of stationary points for J,, with an open-loop
stable plant, and also provides a criterion for checking whether the corresponding Hessian is indefinite
or vanishing.
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Theorem 4.2. Suppose the plant (1) is open-loop stable. Let A € R"™™ be stable, and let

0 0
*
Kt = [O A} |
Then K* is a stationary point of J,,(K) over K € C,,, and the corresponding Hessian Hesskx is either
indefinite or zero.

Furthermore, suppose A is diagonalizable, and let eig(—A) denote the set of (distinct) eigenvalues
of =A. Let Xop and Yo, be the solutions to the following Lyapunov equations

AXop + XopAT+W =0, ATV, +YpA+Q =0, (29)

and let
2= {seC|CXop(sT = AT) Vo B =0} (30)

Then, the Hessian of J, at K* is indefinite if and only if eig(—A) € Z; the Hessian of J, at K* is
zero if and only if eig(—A) C Z.
0 0

The fact that K* = [0 A] is a stationary point can be proved similarly as in Theorem 4.1.

Regarding the properties of the Hessian, we exploit its bilinear property and use Lemma 4.3 for
direct calculation. In particular, the Lyapunov equations (12a) and (12b) are reduced to (29), and
the transfer function in (30) is obtained when we solve the third Lyapunov equation (26). The
detailed proof is provided in Appendix B.7.

Theorem 4.2 constructs a family of non-minimal strict saddle points or stationary points with
vanishing Hessian for LQG with open-loop stable systems. We now present two explicit examples
illustrating the Hessian of J,(K) at non-minimal stationary points.

Example 5 (Strict saddle point). Consider the open-loop stable SISO system in Example 3. We
choose Q = R=1,W =V =1 for the LQG formulation. By Theorem 4.2, given any negative a < 0,

the following controller
K* — |:0 0:| c R2X2

0 a

is a stationary point of Ji(K) over the set of full-order stabilizing controller C;. Furthermore, it can

be checked that 1

4(s+1)
Therefore the Hessian of J; at K* is indefinite by Theorem 4.2, indicating that K* is a strict saddle
point [27]. Indeed, by using (11), we can directly compute the LQG cost and obtain

J 0 Ck - A2K - AK(l + B%C&) — BKCK(l — 3BkCk + B%C&)
! Bk Ak - 2(—1 + AK)(AK + BKCK)

CXop(sI — AT) 'Y, B =

The Hessian at K* can then be represented as

8J%(K)  8J%(K) aJ2%(K)

0AZ 0AkOBk  0AkICk 000
o2(K) 973 (K)  9J2(K) 1 00 1
0Bk Ak 8B’2< 0Bk0oCk - 2(1 _ a) )
8J2(K)  0J2(K)  8J%(K) 010
dCkAx  9CkBx 9002 | | 0 0
0 a
which has eigenvalues 0 and +5-— O

2(1—a)"
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Figure 4: The function ¢ — J,(K* +tA) for Example 6.

Example 6 (Stationary point with vanishing Hessian). Consider the following SISO system:

-1 0 -1 10
A—L _2], B—[l}, C=[-2 11], W—[O J, V=1,

and let

It can be checked that

CXop(sI — A7) 'Y, B =
op (5 ) Yor 36(s + 1)(s + 2)
By Theorem 4.2, the point
0 O 0
Kr=10 -1 0
0O 0 -1

is a stationary point of J, with a vanishing Hessian. In Figure 4, we plot the graph of the function
t — Jo(K* +tA) for

0 2 1/2
A=|-11 3
3.0 0

Figure 4 suggests that K* is a saddle point of J,, with a vanishing Hessian but non-vanishing
third-order partial derivatives. O

4.4 Minimal Stationary Points Are Globally Optimal

As discussed in Theorems 4.1 and 4.2, there may exist many non-minimal stationary points for J,
that are not globally optimal. In this section, we aim to show that all minimal stationary points are
globally optimal to the LQG problem (2).
0 Ck
Recall that K = |:BK Ax
controller. The gradient computation in Lemma 4.2 works for both minimal and non-minimal
stabilizing controllers in C,. For a minimal stabilizing controller K, we further have the following
result (see Appendix B.5 for a proof).

] € C, is minimal if it represents a controllable and observable
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Lemma 4.5. Fiz g € N such that C; # &, and let K € C; be minimal. Under Assumption 1, the
solutions Xy and Yk to (12a) and (12b) are positive definite.

By letting the gradient (24) equal to zero, i.e.,

9.7, (K) 9 (K) 0 (K)
— = = 1
0Ak 0, 0Bk 0, 0Ck 0, (31)

we can characterize the stationary points of the LQG problem (13). In particular, we have closed-loop
form expressions for full-order minimal stationary points K € C,, which turn out to be globally
optimal. This result is formally summarized below.

Theorem 4.3. Under Assumption 1, all minimal stationary points K € C,, to the LQG problem (13)
are globally optimal, and they are in the form of

Ax =T(A—- BK — LO)T™ !, Bk =-TL, Ck = KT, (32)
where T € R™™ s an invertible matriz, and
K=R'B'S, L=pPC'V} (33)
with P and S being the unique positive definite solutions to the Riccati equations (5a) and (5b).

Theorem 4.3 can be viewed as a special case in [1, Theorem 20.6] that presents first-order
necessary conditions for optimal reduced-order controllers K € C,. Following the analysis in [1,
Chapter 20|, we present an adapted proof for Thereon 4.3 here.

0 Ck
Bk Ak
controller K is minimal, we know by Lemma 4.5 that the solutions Xk and Yk to (12a) and (12b)
are unique and positive definite.

Upon partitioning Xk and Yk in (25), by the Schur complement, the following matrices are
well-defined and positive definite

Proof. Consider a stationary point K = { } € C,, such that the gradient (24) vanishes. If the

Pi= Xy - X12X5' X -0, S:=Yi1 — YV, 'V)h - 0. (34)
We further define T':= Y,,'Y;h. By (24a), we know that matrix 7 is invertible, and
T7!' = —X19X5,"

Now, letting 8”5%(5) =0, from (24b), we have

Bk = — (X, + Y,'Vii xi)CcTvL,
= (XL +TX)CTv!

35
= —T(X11 — X12X00 X5)CTV L, (35)
= -TPCTVL
Similarly, from (24c), we have
Ok = —R'BT (Y11 X12X5, +Y12) = R'BTST™. (36)
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Furthermore, at the stationary point K, (24b) + T'x(24c) leads to

BkC X194+ AcXos + X,CTBY + Xos Ak + BV B+
T(AX13 + BCx Xa2 + X11CTBE + X12A%) =0,
which is the same as

—TPCTV 10Xy + Ak Xoa—XLCTVIOPT 4+ Xop Af + TPCTVICPT+
T(AX12 + BR'BTST ' X9 — X11CTVICPT + X15A%) = 0.
By the definition of T', we have T' X192 = —X92. Then, the equation above becomes
—TPCTVICX1y + Ak Xpo— X LCTVTICPT + TPCTVICPT+
T(AX15+ BR 'BTST 'X9 — X;1CTVICPT) =0,
leading to
A = TPCTV'CX 19 X5 + X,CTVTICPT X, — TPCTV'CPT X,
—~T(AX19+ BR'BTST ' X9y — X;;CTVIOPT) X' (37)
=T(A—PC'V'C - BR'BTS)T !
From (35), (36) and (37), upon defining K and L in (33), it is easy to see that the stationary
points are in the form of (32). It remains to prove that P and S defined in (34) are the unique

positive definite solutions to the Riccati equations (5a) and (5b). Since Xk is the solution to the
Lyapunov equation (12a), by plugging in the blocks of Xy we get

0= AX11 + X114 + BCkX{, + X12Cg Bk + W, (38a)
0 = AX12 + BCkXaz + X11C7 BE + X12Af, (38b)
0= Ak X2 + Xop A + BkCX 12 + X,CT B + BcV Bg. (38c¢)

We multiply (38c) by 7! on the left and by 7~ T on the right, and by noting that Bx = —TPCTV !
and T—1 = —X12X2_21, we get

0= X12Xp ' Ak X5 + X120 AR X050 X1
+ PCTVIOX 10 X0 X5 + X12 X' X ,CTVIOP + PCTVTICP.

Since P = X171 — X12X2_21X1TQ, we further get
0= X120 X Ak X[ + X19AX X' X, + PCTVIC Xy + X1 CTVICP — PCTVIOP.  (39)
Next, we multiply (38b) by =TT = X;;XL on the right and get
0= AX19X50' X5 + BCx X1y + X11CTVTICTP 4+ X2 AR X0t X 1.
By plugging this equality into (39), we get
0= —AX12X0' X[, — BOkX{, — X12Xo0' X{h A — X120k BT — PCTVCP.
Then, we plug the above equality into (38a) and get

0=A(X11 — X12X0' X15) + (X11 — X12X00' X(5)A — PCTV=ICP + W,
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and since P = X1 — X12X2_21Xir2, we can see that P satisfies the Riccati equation (5a). Through
similar steps, we can derive from (12b) that S satisfies the Riccati equation (5b).

Finally, from classical control theory [1, Theorem 14.7], a globally optimal controller to the
LQG problem (13) is given by (6), and any similarity transformation leads to another equivalent
controller with the same LQG cost. Therefore, any minimal stationary point, given by (32), is
globally optimal. O

The results in Theorem 4.3 indicate that if the LQG problem (13) has a globally optimal solution
in C,, that is also minimal, then the globally optimal controller is unique in C,, after taking a quotient
with respect to similarity transformation. This is expected from the classical result that the globally
optimal LQG controller is unique in the frequency domain [1, Theorem 14.7].

We note that minimal stationary points are required in the proof of Theorem 4.3, as it guarantees
that matrices (34) are well-defined and the solutions (35) and (36) are unique. Theorem 4.3 allows
us to establish the following corollaries.

Corollary 4.1. The following statements are true:

1) If J,(K) has a minimal stationary point in Cy, then all its non-minimal stationary points K € Cy,
are strictly suboptimal.

2) If Jo(K) has a non-minimal stationary point in C,, that is globally optimal, then all stationary
points K € Cy, of Jp(K) are non-minimal.

We have already seen LQG cases with non-minimal stationary points that are strictly suboptimal
in Example 5 and Example 6. It should be noted that, even with Assumption 1, the LQG problem (13)
might have no minimal stationary points, i.e., all the solutions K for (31) may be non-minimal; this
happens if the controller from the Ricatti equations (5) is not minimal.

Example 7 (Non-minimal globally optimal controllers). Here we give an example from [45], whose
optimal LQG controller does not have a minimal realization in C,. Consider the linear system (1)
with

0 -1 1 1 -1
A:[1 0}, B:M, c=[1 -1], W:[_1 16], V=1,

and let the LQG cost be defined by

4 0
S -

This LQG problem satisfies Assumption 1. The positive definite solutions to the Riccati equations

(5) are given by
10 2 0
r=lo i) o=lod)

and the globally optimal controller is given by

-3 0

AK:[5 _4], BK:L:[l], Ck=-K=[-2 0]. (40)

—4
It is not hard to see that (Ck, Ak) is not observable. Therefore, the controller obtained from the

Riccati equations is not minimal in this example. Consequently, by Corollary 4.1, all stationary
points of J,, are not minimal for this example.
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In this case, the globally optimal controllers in C,, are not all connected by similarity transfor-
mations. For example, it can be verified that the following two non-minimal controllers are both
globally optimal:

0 -2 0 0 -2 0
Ki=|1 -3 0|, Ke= |1 -3 0],
-4 5 -4 0 0 -1
: e . . -3 0 -3 0
but there exists no similarity transformation between K; and Ks since 54 and 0 —1
have different sets of eigenvalues (recall that similarity transformation does not change eigenvalues).
O

Theorem 4.3 also allow us to check whether a sequence of gradient iterates converges to a globally
optimal solution.

Corollary 4.2. Consider a gradient descent algorithm Kiy; = Ky — aVJ(K) for the LQG prob-
lem (13). Suppose the iterates Ky converge to a point K*, i.e., limy_ oo K¢ = K*. If K* is a controllable
and observable controller, then it is globally optimal.

4.5 Hessian of J(K) at Minimal Stationary Points

Finally, we turn to characterizing the second-order behavior of J,, around a globally optimal controller
K*. Throughout this subsection, we will assume that K* is controllable and observable. We focus on
the eigenvalues and eigenspaces of the Hessian Hessk+. The null space of Hessk= is

null Hessk+ = {x € V,, | Hessk+(z,y) =0, Vy € V,, }.

The following lemma shows that the tangent space T Ok« is a subspace of the null space of Hesskx,
which is a direct corollary of |23, Theorem 2|.

Lemma 4.6. Suppose K* is controllable and observable. Then
TOk+ C null Hess k= .

This lemma can be viewed as a local version of Lemma 4.1 indicating the invariance of J,, along
the orbit Ok. Consequently, the dimension of the null space of Hessk- is at least ¢2. On the other
hand, we also have the following result.

Lemma 4.7. Suppose K* is controllable and observable, and let A € TOi.. Then for all sufficiently
small t > 0,
Jn(K* +tA) — J,(K*) > 0.

Proof. We prove by contradiction. Suppose for any sufficiently small § > 0, there always exists
t € (0,0) such that J,(K* +tA) = J,(K*). Then we can find a positive sequence (t;);>1 such that
t; = 0 and J,(K* +¢;A) = J,(K*). Denote K; = K* +¢;A. Since A is orthogonal to 7Ok, there
must exists some j > 1 such that K; ¢ TOk«. By [1, Theorem 3.17|, we can see that the transfer
function of K; will be different from the transfer function of K;. Then by the uniqueness of the
transfer function solution to the LQG problem, K; cannot be a global minimum of .J,,, contradicting
Jn(Kj) = Jn(K*) O
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Combining the observations from Lemmas 4.6 and 4.7, we can see that, while the Hessian Hess k+
is degenerate and its null space has a nontrivial subspace 7 O+, the degeneracy associated with
T Ok+ does not cause much trouble for optimizing J,, as the directions in 7 Okx correspond to
similarity transformations that lead to other globally optimal controllers, while along the directions
orthogonal to 7 Okx, the optimal controller of J,, is locally unique.

We are therefore interested in the behavior of Hess g+ restricted to the subspace T(’)JK‘*. Specifically,
we let rcond k= denote the reciprocal condition number of Hessk» restricted to the subspace T(’)&*,
ie.,

mina | 7o,. Hessg- (A, A)/[|Al|%

rcondg maxa | 7o,. Hessk (A, A)/[|A]% (41)

Intuitively, if rcondk+ is bounded away from zero, then we can expect gradient-based methods to
achieve good local convergence behavior for optimizing J,. However, we give an explicit example
below showing that rcondk+ can be arbitrarily bad even if the original plant seems entirely normal.

Example 8. Let € > 0 be arbitrary, and let

3[-1 0 1
A_z[o —1—6]’ B_[1+J’ c=[ 1],

and

41 | 4 1+e o
Q_[l 4]’ W_[l—l—e 4(1+e)2]’ V=hr=1

For this plant, the positive definite solutions to the Riccati equations (5) are given by

10 10
Pl sebal

and we have

K=R'B'S=[1 1], L=PCV'= [ ! }
1+e€
The optimal controller K* is then given by
0 -1 -1
Kk = |9 K 1 - -2

LAA=BE-LC] |y 0 oa%e —I1+e

It can be checked that the optimal controller provided by the Riccati equations is controllable and
observable when € £ 0. In Theorem 4.4, we provide an asymptotic upper bound on the reciprocal
condition number rcondk+. We also provide numerical results on Hessk- for € € [0.002,0.5] in
Figure 5. It can be seen that the upper bound (42c) on rcondk- is on the order of O(e*), indicating
that rcondk~ degrades rapidly as € approaches zero. Moreover, it can be numerically checked via
Lemma 4.2 that, even if we set ¢ = 0.5, the reciprocal condition number rcondg- is still below
1.7 x 1075, On the other hand, if we plug in € = 0.5, the resulting plant’s parameters as well as the
controllability and observability matrices

1 -15 C 1 1
B AB] = [1.5 —3.375] ’ [CAT] B [—1.5 —2.25]

seem entirely normal. O
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Figure 5: Numerical results on the behavior of Hessk» in Example 8: (a) The minimum eigenvalue of Hessk~
restricted on 7 Ok., the value of Hessk-(Ag, Ag), and the asymptotic upper bound given by (42a). (b) The
maximum eigenvalue of Hessk+ restricted on 7'(9JK;7 the value of Hessk+ (A1, A7), and the asymptotic lower
bound given by (42b). (¢) The reciprocal condition number rcondg« and its asymptotic upper bound given
by (42c).

Theorem 4.4. Consider the LQG problem in Example 8. Let € > 0 be arbitrary. Let

0 0 0 0 -1/2 —1/2
Ag= 1|0 —1/2 1/2 |, Ay=]|1/2 0 0
0 1/2 -1/2 1/2 0 0

Then, as € — 0, we have

Hess g+ (Ao, Ag) = - T ~000°¢ + o(€%),
d?J(K* +tAq) 680
essk+ (A1, Ay) pTe . 313 +o(1),
and
HPTOjTOK* [AO]HF = O(e).
Consequently, as e — 0,
Hessir (A, A Hessi (Ag, A 3
min eSSKA(2 ) < QGSSK (B0, 20) 5 = 700064—1—0(64), (42a)
ALTOe  [IAllE 18013 = [|Prow. [Ad]||
Hessk+ (A, A) _ Hessk+(A1,A1) 680
max > =—4o0(1), 42b
ST AR ag s oW 2b)

and the reciprocal condition number of Hess g« restricted on ’T(’)&* can be upper bounded by

147
rcondgx <
680000

The proof of Theorem 4.4 is based on direct but tedious calculation of Hessian via Lemma 4.3.
The details are provided in Appendix B.8. The observations in Example 8 suggest that, if we apply
the vanilla gradient descent algorithm to the optimization problem (13), it may take a huge number
of iterations for the iterate to converge to a globally optimal controller for certain LQG problems
that appear entirely normal.

et +o(e!) 2216 x 1074 - €' + o(eh). (42c¢)
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5 Numerical experiments

We have illustrated our main technical results on connectivity of stabilizing controllers and stationary
points through Examples 1-8. Here, we present some numerical experiments to demonstrate empirical
performance of gradient descent algorithms for solving the LQG problem (13). The scripts for all
experiments can be downloaded from https://github.com/zhengy09/LQG_gradient.

5.1 Gradient descent algorithms

A vanilla gradient descent algorithm for solving (13) is as follows. Upon giving an initial stabilizing
controller K € C,,, we update the controller: ¢t =0,1,2,...
0J(K) 0J(K) 0J(K)

BK t =B — S C =C — S
) ,t+1 K.t t y VKit+1 K.t t 5
DAk |y, 9B |y, aCk |y,

(43)

AK,t+1 = AK,t — St

where the gradient is obtained using (24), until the gradient satisfies | V.J(K¢)||r < € or the iteration
reaches the maximum number #y,x. In our simulation, the step size s; in (43) is determined by the
Armijo rule [46, Chapter 1.3]: Set s; = 1, repeat s; = s, until

J(Ke) = J(Ki1) > ase|[ V(Ko7
where o € (0,1),8 € (0,1), e.g., « = 0.01 and 8 = 0.5.

For numerical comparison, we can also reduce the number of controller parameters by considering
a controller canonical form. In particular, for any SISO controller, the controllable canonical form of
K is

0 1 0 0 0
0 1 0 0
0 0 0o ... 1 :
|—bo —b1 —by ... —bp_1] 1]
We now only update the controller parameters a;, b;,7 = 0,...,n — 1 by using a partial gradient

in (43). It is clear that the set of stabilizing controllable controllers is a subset of C,, but we note
that the connectivity of stabilizing controllable controllers is unclear and cannot be deduced from
the results in Section 3. Here, we further remark a few facts [1, Chapter 3|

e The controller K in (44) is not necessarily minimal, and it may be unobservable. Thus, this
parameterization (44) is able to capture some non-minimal globally optimal controllers, e.g., the
LQG problem in Example 7.

e For any controllable SISO K, there is a unique similarity transformation such that 77 (K) is in
the form of (44). Conversely, given K in the form of (44), all the controllers in the orbit Ok are
controllable.

e By Theorem 4.3, if the LQG problem (13) for SISO systems has a minimal stationary point, then
it admits a unique globally optimal controller in the form of (44).

In our experiments, we set the maximum iteration number t,,.x = 10* and the stopping criterion
e = 1075, To investigate the influence of initial stabilizing controllers on convergence performance of
gradient descent algorithms, we used two different initialization strategies:

1) Random initialization: We used a pole placement method to get an initial stabilizing controller
K, and the closed-loop poles were chosen randomly from (—2,—1).
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2) Initialization around a globally optimal point: We also considered initialization around the globally
optimal controller from Riccati equations, i.e.,

Ao ~ N(Ak,0I), By ~ N(Bg, 1), Ck,0 ~ N(Cg,dI),

where (A%, Bk, Ck) is the optimal LQG controller (6) from solving Riccati equations, and we
chose 6 = 1072 in the simulations.

Throughout this section, we denote the vanilla gradient descent algorithm (43) as Vanilla GD4
and call the gradient descent over the controllable canonical form (44) as Vanilla GDp.
5.2 Numerical Results I: Performance with random initialization

We first consider two examples for which Vanilla GDp has good empirical convergence performance.
The first one is the famous Doyle’s LQG example from |[3]

11 0 11
A[O 1],3[1],0[1 0},W5L 1],1/1 (45a)
with performance weights
11
Q5[1 1],R1. (45b)
The globally optimal LQG controller from Riccati equations is
-4 1 5
A = [_10 _4] , Bk = [5} ,Ck =[5 —5], (46)

and its corresponding LQG cost is J* = 750. The system (45) is open-loop unstable, so we chose
an initial stabilizing controller using pole placement where the poles were randomly selected from
(=2, —1) in our simulations. The results are shown in Figure 6. For this LQG case, Vanilla GDpg
over the controllable canonical form has better convergence performance compared to Vanilla
GD4. In particular, Vanilla GD4 did not converge within 10* iterations, and the final iterate in
Vanilla GD4 has non-zero gradient. Instead, for different initial points, Vanilla GDp converged to
the following solution (up to two decimal places)

0 1

0
Ak = {_26'00 _8.00] , Bk = M ,Ck = [25.00 —50.00] . (47)

The controller (47) from Vanilla GDg is minimal, and the gradient is close to zero (stationary point).
By Corollary 4.2, it is reasonable to conclude that this controller is globally optimal. Indeed, (47)
25 5
-30 5
can also compute the hessian of Jo(K) at (47), for which the minimum eigenvalue is 12.15 when
restricting to the subspace T Oi..

Our second numerical experiment is carried out on the LQG case in Example 7, for which
a globally optimal controller from Riccati equations is non-minimal, shown in (40). The initial
controllers were randomly chosen by pole placement from (—2,—1). Similar to the first numerical
experiment, Vanilla GD4 did not converge within 10* iterations, while Vanilla GDp converged
to stationary points (the gradient reached the stopping criterion); see Figure 7. In this case, the

is identical to (46) via a similarity transformation defined by 7' = [ ] . By Lemma 4.3, we
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Figure 6: Convergence performance of gradient descent algorithms for Doyle’s example in (45) with four
different random initialization Kg.
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Figure 7: Convergence performance of gradient descent algorithms for Example 7 with four different random
initialization Kg.

controllers from Vanilla GDp are not minimal, and they have different state-space representations,
two of which are

0 1 0
Ak = {_14'0912 _7‘6970} , Bx1= M , Ck1=[-9.3941 —1.9999], (48a)
Ak o = 0 L Bko = 0 Ok = [-11.4753 —1.9999] (48Db)
’ —17.2130 -8.7375]> 7% > " ' ' '

Our theoretical results (Theorem 4.1 and Corollary 4.2) failed to check whether the controllers (48)
from Vanilla GDpg are globally optimal. However, after pole-zero cancellation, we can check that
the controllers (48) correspond to the same transfer function with (40), which is

_ -2
T s+ 3

Also, we numerically check that the the Hessian of J3(K) at the controllers (48) and (40) has a
minimum eigenvalue as zero over the subspace TOJK‘*.
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Figure 8: Convergence performance of gradient descent algorithms for Example 6 with different initialization
strategies. In each subfigure, the left one shows results using random initialization, and the right one show
results using initialization around a globally optimal point.
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Figure 9: Convergence performance of gradient descent algorithms for Example 8 (¢ = 0.5) with four
different initialization Ky. In each subfigure, the left one shows results using random initialization, and the
right one show results using initialization around a globally optimal point.

5.3 Numerical Results II: initialization matters

Here, we present two LQG examples for which Vanilla GDp over the controllable canonical form
seems to get stuck around some points when using random initialization. We first consider the LQG
in Example 6, for which we have shown there exist stationary points with vanishing Hessian (see
Figure 4). Note that this LQG problem has a minimal globally optimal controller, so it admits a
unique globally optimal controller in the form of (44). However, as shown in Figure 8, with random
initialization, Vanilla GDp over the controllable canonical form seems to get stuck around different
points; Vanilla GD4 does make steady improvement over the LQG cost function, but it still failed
to converge within 10* iterations. When using the initialization around a globally optimal point, the
convergence performance of both Vanilla GD4 and Vanilla GDpg has been significantly improved,
and both of them reached the stopping criterion within one hundred iterations. We note that the
random initialization actually started from a point with a smaller LQG cost compared to the other
initialization.

Our final numerical experiment is carried out for the LQG in Example 8, where we chose ¢ = 0.5.
The results are shown in Figure 9. Both Vanilla GD4 and Vanilla GDp failed to converge with 10
iterations, and they seems to get stuck around different points for very many iterations that are not
globally optimal. Similar to the previous case, using the initialization around a globally optimal
point greatly improved the convergence performance of Vanilla GD4 and Vanilla GDp, and both
of them reached the stopping criterion within a few hundred iterations.

These two LQG cases show that initialization has a great impact on the performance of gradient
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algorithms for solving general LQG problems. We also note that for the LQG cases we tested,
gradient descent algorithms can reduce the LQG cost quickly in the beginning period of iterations,
but might get struck in some region for many iterations.

6 Conclusion

In this paper, we have characterized the connectivity of the set of stabilizing controllers C,, and pro-
vided some structural properties of the LQG cost function. These results reveal rich yet complicated
optimization landscape properties of the LQG problem. Ongoing work includes establishing conver-
gence conditions for gradient descent algorithms and investigating whether local search algorithms
can escape saddle points of the LQG problem. We note that the optimization landscape of LQG
also depends on the parameterization of dynamical controllers. It will be interesting to look into
the LQG problem when parameterizing controllers in a canonical form. Finally, our analysis reveals
that minimal stationary points in C,, are always globally optimal, and it would also be interesting to
investigate the existence of minimal stationary points for the LQG problem.

Appendix

A Fundamentals of Control Theory and Differential Geometry

For self-completeness, this section reviews some fundamental notions in control theory (see [1,
Chapter 3| for more details), as well as some basic notions from differential geometry [43, 47].
A.1 Controllability, Observability, and Minimal Systems

Consider a dynamical system, parameterized by (A, B,C, D) € R™*™ x R™*™ x RP*™ x RP*™ as

follows
T = Ax + Bu,

49
y = Cx + Du. (49)

The system (49) is called controllable if the following controllability matrix is of full row rank
rank ([B AB ... A”’lB]) =n,

and observable if the following observability matrix is of full column rank

c
CA

rank : =n.
C’A."*1
The input-output behavior of (49) can also be equivalently described in the frequency domain
G(s)=C(sI — A)"'B+D. (50)

It is easy to verify that the transfer function G(s) is invariant under any similarity transformation
on the state-space model (TAT~!, TB,CT~!, D).
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System (49) is called minimal if and only if it is controllable and observable. This “minimal”
notion is justified by the following interpretation: if system (49) is not minimal, then there exists
another state-space model with a smaller state dimension n < n

fU:flﬁ:—i—Bu
C# + Du,

)

such that the input-output behavior is the same as (49), i.e., G(s) = C(sI — A)"'B + D. In this
paper, we have used the notions of “minimal controller” and “controllable and observable controller”
in an interchangeabe way. The following theorem shows that minimal realizations of a transfer
matrix are identical up to a similarity transformation.

Theorem A.1 (|1, Theorem 3.17]). Given a real rational transfer matriz G(s), suppose (A1, B1,C1, D1)
and (Ag, Ba, Ca, D2) are two minimal state-space realizations of G(s). Then, there exists a unique
invertible matriz T, such that

Ay =TAT™', By=TB;, Co=CT"', Dy=Ds.

Finally, the system (49) is proper in the sense that the degree of the numerator in (50) does not
exceed the degree of its denominator. The system (49) becomes strictly proper if D = 0.

A.2 Lyapunov Equations

Given a real matrix A € R™*" and a symmetric matrix () € S™, we consider the following Lyapunov
equation
ATX + XA4+Q=0. (51)

Its vectorized version is

(I, @ AT + AT @ I,) vec(X) = — vec(Q), (52)

where we use ® to denote Kronecker product. From (52), it can be shown that if A is stable, then
(I, ® AT + AT @ I,,) is invertible, and thus the Lyapunov equation (51) admits a unique solution for

any matrix ). Further, we have the following results on the positive semidefiniteness of the solution
X.

Lemma A.1 (|1, Lemma 3.18|). Consider the Lyapunov equation (51). Assuming that A is stable,
the following statements hold.

o The unique solution is

o0 T
X :/ e tQeAtdt.
0

e X >0 Q=0,and X =0 Q = 0.
o IfQ =0, then X = 0 if and only if (Q'/2, A) is observable.

Given the solution to the Lyapunov equation (51), there also exist converse results that establish
the stability property of the matrix A; see |1, Lemma 3.19].
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A.3 DManifolds and Lie Groups

We adopt the following definitions for manifolds in Euclidean spaces. We refer to [43, 47| for more
details of these definitions and related results.

Definition 2 (C* maps and diffeomorphism). Let £ and F be two real Euclidean spaces, and
let X C £ and Y C F be subsets of £ and F respectively. We say that a map ¢ : X — Y is C,
if for any p € X, there exists an open neighborhood U of p in £ and an indefinitely differentiable
function ¢ : U — F that coincides with ¢ on Y N X. We say that a C®° map ¢ : X — Y is a
diffeomorphism from X to Y, if ¢ has an inverse map ¢! :) — X that is C>°. We say that X and
Y are diffeomorphic if there exists a diffeomorphism from X to ).

Definition 3 (Manifold and submanifold). Let £ be a real Euclidean space. A subset M C £ is
said to be a C'*° manifold of dimension k in &£ , if for any p € M, there exists an open neighborhood
U of p in &, such that & N M is diffeomorphic to some open subset of R¥.

Let M C € be a C* manifold in the real Euclidean space £. A subset N' C M is said to be a
C* (embedded) submanifold of M if it is a manifold in the real Euclidean space &.

Definition 4 (Tangent space). Let M C &£ be a C'°° manifold in a real Euclidean space £. Given
x € M, we say that v € £ is a tangent vector of M at x, if there exists a C*> curve v: (—1,1) - M
with v(0) = 2 and v = 7/(0). The set of tangent vectors of M at z is called the tangent space of M
at x, which we denoted by T, M.

It is a known fact in differential geometry that the dimension of the tangent space is equal to the
dimension of the manifold.

Definition 5 (Tangent map). Let M C £ and N' C F be two C*° manifolds in real Euclidean
spaces £ and F respectively. let ¢ : M — N be a C° map. For any x € M, the tangent map of ¢
at x is the linear map d¢, : oM — Ty defined by

d(¢on(t))

doul'(0)) = TG

for any C* curve v : (—1,1) - M with v(0) = z.

It is known in differential geometry that, if ¢ : M — N is a diffeomorphism, then d¢, is an
isomorphism (a bijective linear map) from 7, M to Ty N

Definition 6 (Lie group). A C* manifold G is said to be a Lie group, if there exists a C* binary
operation - : G X G — G, such that the following group axioms are satisfied:

1) associativity: (z-y)-z=z-(y-2) for all z,y,z € G;
2) identity: there exists e € G such that e-z =z -e =z for all z € G;

3) inverse: for all z € G there exists a unique xrleGsuchthat -zt =21 2= e;

and moreover, the inversion x +— xlisaC® map from G to G.
In this paper, we extensively use the Lie group GL, which is the set of ¢ x ¢ (real) invertible
matrices together with the ordinary matrix multiplication. GL, is a Lie group whose elements are

organized continuously and smoothly. In addition, GL, is also a ¢*-dimensional manifold where the
group operations of multiplication and inversion are smooth maps.
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Definition 7 (Lie group action). Let M be a C*° manifold, and let G be a Lie group with identity
e € G. We say that a C*° map .7 : G x M — M gives a (left) Lie group action, if 7 (e,z) = x and
T (u-v,z) =T (u, 7 (v,z)) for all x € M and u,v € G.

As an example, the similarity transformation .7 (T, K) defined in (14) gives a Lie group action
of GL; on C,.
B Auxiliary Results for Continuous-time Systems
This section presents some auxiliary proofs/results for continuous-time systems.

B.1 Proofs of Lemmas 2.2 and 2.3

We first prove the LQG cost formulation in Lemma 2.2. Given a stabilizing controller K € Cg,
the closed-loop system is shown in (7). Since the controller K internally stabilizes the plant, the
closed-loop matrix

A | A BGk
T IBC Ax

is stable and the state variable (z(t),£(t)) is a Gaussian process with mean satisfying

ime([E3]) -0
and covariance satisfying
T t
i B (EEIQ] [?8] ) = ) et [W BKVBg] etat=dr

o0
_ At W ATltd
= e e ¢ t.
/o [ BKVBI]

By Lemma A.1, the last expression in (53) is the same as the unique solution Xk to the Lyapunov
equation (12a).
Therefore, the corresponding LQG cost is given by

1 T i 7' [@ p

Jy = Th—rf;o TE[/t:o (QETQJS + UTRU) dt] - tlgr()l(}E([g] [ C;RCK] [5])
s Q r

= Jim Etr <[ CIRCJ [5]

_o @ i i

= tr ([ C,IRCK] A E ([5

(7 cpne )

The other expression of the LQG cost in Lemma 2.2 follows from the Lyapunov function (12b) by
duality between controllability Gramian and observability Gramian.

(53)
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We now proceed to prove Lemma 2.3. First, upon vectorizing the Lyapunov equation (12a), we
have

w 0
(In+q ® Ac + Acl @ Intq) vec(Xk) = —vec <[ 0 BKVB;]> '

Since A is stable, we know that I),1 4 ® Aq + Ag ® Ip4q is invertible, and thus we have
1 |24 0
vee(Xk) = — (Ingq @ Al + A @ Inyq) ™ vec ([ 0 BKVBﬂ> .

It is not difficult to see that each element of (I;44 ® Ag + Ag ® In+q)71 is a rational function of
the elements of K. Therefore, the LQG cost function

Jo(K) = tr <[Cg C;%CK] XK)

is a rational function of the elements of K, which is real analytical.

B.2 Proof of Proposition 3.1

It is straightforward to see that ®(-) is continuous since each element of ®(Z) is a rational function
in terms of the elements of Z (a ratio of two polynomials). To show that ® is a mapping onto C,, we
need to prove the following statements:

1) For all K € C,,, there exists Z = (X,Y, M,G, H, F,11,E) € G, such that ®(Z) = K.
2) Forall Z= (X,Y,M,G,H, F,11,=Z) € G,, we have ®(Z) € C,.

Dy Ck

To show the first statement, let K = |:BK Ay

] € Cy, be arbitrary. By definition we have Dy = 0,

and the stability of the matrix [ } implies that the Lyapunov inequality

A+BDxC BCk] [X WM [X T [A+BDkC BCd]' (54
BgC A | I X nm x BxC Ak
. [xomt : : :
has a solution o x >~ 0. Without loss of generality we may assume that det IT # 0 (otherwise

we can add a small perturbation on II to make it invertible while still preserving the inequality (54)).

Upon defining
Y ot [(xun i x o _[1 vy
=7 T xX| TlnoX Im o] |0 ET|’

we can verify that
X HT] T [X I

v

=1 = T "
YX+EOD=1 T [H % Ty

] = 0. (55)

Upon letting
M =Y (A+ BDC)X + EBkCX + Y BCKII + EAKII,

G = Dy,
H = Y BDy + =Bk,
F = DkCX + CkllI,

(56)
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we can also verify that

T
T [A—FBDKC’ BC’K} [X II ]T: [AX—i—BF A—i—BGC] . (57)

BkC A | |l X M YA+ HC

Combining (57) with (54) and (55), we see that Z = (X,Y, M, G, H, F|11, Z) € G,, by the definition
of G,. Note that the change of variables (56) can be compactly represented as

G F| |1 0| |Dk Ck||I CX " 0 0
H M| |YB Z||Bk Ax| |0 T1I 0 YAX|’
and with the guarantee in Lemma 3.3, we see that
Dk Ck| _[1I o] '[G F I ¢x]™' [ep(Z) ®c(Z)
Bk Ak| |YB = H M-YAX| |0 II | ®p(2) Pa(2)
~ We then prove the second statement. Let Z = (X,Y, M,G,H, F1I, =) € G, be arbitrary. Let
X =1I(X — Y~H~7HIT, and it’s straightforward to see that X = 0 and

X I [r v] [X XY+II'=E"] [x T
n X|l0o ET) |0 nOy+Xs'| [ 0]

= 3(2).

I

where we used the fact that

Iy + X2' =1y + O(X -y~ H-la'="
=IIY —-II(X - Y H)"Y(XY —1)
=y -Ox -y HY(x-vyhHy
=0.

We also have

I T e sl e

from the definition of ®. Similarly as showing the equality (57), we can derive that

AX+BF A+BGC] [I Y] [A+BGC Bdc(2)|[X O[T Y
M YA+HC| [0 ET| | ®p(2)C ®4(2) | |1 X||0 ET|"

Then from the definition of G,,, we can further get

[A+BGC B@C(Z)} [X HT] [X HT} {A—i—BGC B(I)C(Z)]T -0,

Pp(2)C  ®A(2) | | X I X|| ®3(2)C ®4(2)
. Tv—1 —1 . X HT . o .
and since X —II' X7 Il =Y~ > 0, the matrix o x|® positive definite. We can now see that

A Bd:(2)

[@B(Z)C’ B A(2) } satisfies the Lyapunov inequality and thus is stable, meaning that ®(Z) € C,.
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B.3 A Second-Order SISO System for Which C,, Is Not Path-Connected

Consider a second-order SISO plant with

A:[(l) (1)] B:m, c=1[0 1]. (58)

For this case, any reduced-order controller in C; and can be parametrized by K = [ lg ZK} for
K AK

some Ay, Bk, Ck € R. We now show that the matrix (8), given by

0 1 0
1 0 Ck|,
0 Bk Ak

is not stable for any Ak, Bk, Ck € R, implying that C; = @. Indeed, by the Routh—Hurwitz criterion,
the characteristic polynomial

0 1 o0
det [ AXI3— [1 0 Ck| | =X — AkA% — (BkCk + 1)\ + Ak.
0 Bk Ag

has all roots in the open left half plane if and only if
—Ak > 0, Ak > 0, Ak (BkCk + 1) > Ak,

which are obviously infeasible. We can now conclude that C,, is not path-connected by Theorem 3.3
since the plant is SISO.

We can also directly prove the disconnectivity of C,, in this example. The set C,, = C for (58)
can be written as

1 0 0
0 Cki1 Ckpe

' is stable

0
0 Ck1 Ckpe 1
0 Bki Ak Aki2
0

3x3
Cn =X |Bk1 Ak Akiz2| € R
Bko Ak21 Ak22

)

Bka2 Ak21 Ak

Obviously Bk cannot be zero for any stabilizing controller in Co. Since for any Bx € R?\{0},
there exists T € R?*? with detT > 0 such that TBx = [ﬂ, by the path-connectivity of the set

{T € R?*2: detT > 0} [43], we can see that C,, is path-connected if and only if the set

- Crr Ok (1] cl) CO 00
S=¢K= Ak Aki2| € R3%? K.l K21 is stable
Aror Axog 0 0 Ax11 Aki2
’ ’ 0 1 Ako1 Ak

is path-connected. The Routh—Hurwitz stability criterion allows establishing an equivalent condition
for the set S as

) Ck1 Ckp R ) R R
S=4qK= A1 Aki2|| p1(K) >0, p2(K) >0, p3(K) >0, ps(K) >0,
Ako21 Ak22
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where
pi(K) = — Ax11 — Ak 29,
p2(K) = Ak 11 + Ak 22 + Ak 11Ck 2 — Ak 120k 1,
p3(K) = (Ak11 + Ak 22)?(Ak 114K 22 — Ak 124K 21)
— (Ak11 + Ak 22 + Ak 110k 2 — Ak 120k 1)
X [(Ak 1 + Ak 22) (Ak 114K, 22 — Ak 124Kk 21 — Ok 2) + Ak, 11Ck 2 — Ak, 120k 2],
pa(K) = — Ax11 A4k 22 + Ak 124K 21

We first show that Ak 12 # 0 for any Kes. Indeed, if Ak 12 = 0, we then have

p2(K) = Ak.11 + Ak 22 + Ak 11Ck 2, pa(K) = —Ak 114K 22,
and

p3(K) = (Ak 11 + Ak 22)? Ak 114K 22
— (A1 + Ak 22 + Ak 110k 2)[(Ak 11 + Ak 22) (Ak 114Kk 22 — Ck.1) + Ak 110k 2]
= Ak 220k 2(Ak 11 + Ak 22 + Ak,11Ck 2 — Ak 11 (Ak 11 + Ak 22))-

From pl(K) >0 and pQ(R) > 0, we get Ak 11Ck2 > 0, and together with p4(R) >0 and pg(R) >0,
we see that Ak 20Ck 2 < 0 and

Ak11 + Ak22 + Ak 110k 2 < A 11 (Ak 11 + Ak,22) <0,

which contradicts pg(k) > 0. Thus Ak 12 # 0 for any Kes
On the other hand, let

-3/2 -2 3/2 -2
KD =1 o 1, K =1 0o -1
1/8 -1 -1/8 -1

It can be checked that K and K® are both in 8. Now we see that S is not path-connected, since
any continuous path connecting K and K@ must pass a point with Ak 12 = 0. Consequently, the
set Cy is not path-connected for this example.

B.4 The Gradient and the Hessian of .J,(K)
We first introduce the following lemma.

Lemma B.1. Suppose M : (—6,6) — R¥** and G : (—6,68) — S¥ are two indefinitely differentiable
matriz-valued functions for some 6 > 0 and k € N\{0}, and suppose M (t) is stable for all t € (=6, 0).
Let X (t) denote the solution to the following Lyapunov equation

M®)X () +XE)M@)T +G(t) = 0.

Then X (t) is indefinitely differentiable overt € (—6,0), and its j ’th order deriwative at t = 0, denoted
by X(j)(O), is the solution to the following Lyapunov equation

M(0)X9)(0) + XD (0)M(0)"
i (59)
i=1 j—)

- (i il - L (M D (0)xU=9(0) + XU (0)M® (O)T) + G(j)(o)) = 0.
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Proof of Lemma B.1. The differentiability of X (¢) follows from the observation that the unique
solution to the Lyapunov equation can be written as

vee(X (1) = —(Iy ® MT () + M (t) ® L) ~! vec(Q(%)).

Since M (t), G(t) and X (t) are indefinitely differentiable, they admit Taylor expansions around ¢ = 0
given by

M(t) = ijMWm +o(t"),
§=0

G(t) = a ifG<j><0>+o<ta>,
i=0 7

X(t)=>" ZX(j)(O) +o(t7)
j=0""

for any a € N. By plugging these Taylor expansions into the original Lyapunov equation, after some
algebraic manipulations, we can show that

+o(t*) = 0.

a J
Z%tj [E% Z'(J]L_l)' (M(“ (0)XU=D(0) + XU=D(0)M (O)T) + ;!G(ﬁ(o)
=

Since the above equality holds for all sufficiently small ¢, we get
zj: b (M(i) (0)X 0= (0) + X0 (0)M® (0)T> i lg(j)(o) —0
pare il(j — ) J! ’

which is the same as (59). Thus, X)(0) is a solution to the Lyapunov equation (59). O

Given any stabilizing controller K € C,, we denote the closed-loop matrix as
| A BCk| |A O B 0 cC 0
Aax = {BKC AK] - [0 o] + [0 I} K {0 I]
and recall that the LQG cost is given by

Jo(K) = tr <[Cg CEIO% CK] XK) ,

where Xk is the unique positive semidefinite solution to the Lyapunov equation (12a).

0 Ap
Ace Aay
K+ tA € Cy, the corresponding closed-loop matrix is

Consider an arbitrary direction A = [ ] € V. For sufficiently small ¢ > 0 such that

B 0 cC 0
Acl,K+tA—Ac1,K+t[O I}A[O I}’
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and we let Xk a(t) denote the solution to the Lyapunov equation (12a) with closed-loop matrix

Ad K+, 1.e.,

<Acl,K +1 {lg ?] A [g ?]) Xk,a(t) + Xkal(t) <ACI,K +t {lg ?] A {g _?])T

+ W 0 =0
0 (Bk+tAp )V (Bk+tAp)T|

(60)
By Lemma B.1, we see that Xk a(t) admits a Taylor expansion of the form
2
XKA(t):XK—I—t-X{(’A(O)—i-?-X(("A(O)—i—o(tQ),- (61)

and the derivatives Xy 5 (0) and Xy A (0) are the solutions to the following Lyapunov equations

Aax Xk A(0) + Xk A (0)A] k + M1(Xk, A) =0, (62)
Aax XK a(0) + XK A(0)Ad k + 2Ms(Xi A (0),A) = 0, (63)

where
M(XA)._BOACOXJFXCOTATBOT+0 0
S VR Bl VI R NN § 0 1 0 BKVAL +Ap VB’
T T
/ _|B 0 cC 0| .. / cC 0 TIB 0 0 0
My (Xg A(0),A) ._{0 1270 71 Xka@+Xka) | 5 A0 ] o Ap VAT, |-
Now, by plugging the Taylor expansion (61) into the expression (11) for J,(K), we get

To(K+14) = tr <[c§ (Cx + tACK)Tg%(CK + tACK)} XKA(t))

~ Q 0 . 0 0
= Ju(K) +1 “([o crrek| X)aOF o cTraq, + AT ROK) XK
2 Q 0 1 0 0 ,
+2'tr<[o C,IRCK] ka2 crpag, + AL ko) ka0

0o 0 )
2 [0 AEKRACJ XK) o),

. . . dJg(K+tA d?J (K +tA
from which we can directly recognize %‘ and %
t=0

t=0
Now suppose X is the solution to the following Lyapunov equation

AaxX + XAl +M =0

for some M € S"™4. Then, by Lemma A.1, we have

oo A AT
X:/ e eLKE M e el k® d g,
0
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and consequently

Q 0 [T Q@ 0] sy AT s
tr([o CIIRCK]X>—/O tr 0 C;RCK e Me“ <K ) ds

= +Ootlr ek @ 0 eV ) ds = tr(YM)
o " 10 CERCk VRS

in which we recall that Yk is the unique positive semidefinite solution to Lyapunov equation (12b).
dJy(K + tA)

Therefore the first-order derivative 7 ’
t=0

can be alternatively given by

dJy(K + tA)
dt

t=0

0 0
= tr (YKMl(XK’A) + [0 CrRAc, + AEKRCK] XK)

T T T
~ 0 RCk] . [0 0] . [B 0 ¢ o’ oo 0 0
=2t <[0 0 ]XK [o I}JF[O I] Y Xk [0 I] +[0 I}YK [BKV OD A

One can readily recognize the gradient V.J,(K) by noticing that

dJy(K + tA)

- = tr (VJq(K)TA) .

t=0

Upon partitioning Xk and Yk as (25), a few simple calculations lead to the gradient formula of J,(K)
in (24).

2
Similarly, we can show that the second-order derivative w can be alternatively
t=0
given by
d?J (K +tA)
dt? =0
= 2tr [ YkM2 (X[ A(0),A) + 0 0 X a(0)+ 0 0 Xk
KA 0 CRRAg + AL RCk| KA 0 Al RAc,
64)
B B 0 C 0| -, 0 0 / (
S BT IS S e N

+ 9 0 vio+ |2 0 X
0 A VAL | T [0 AL RAq | ")

Remark 3. If we let Hessk : V; x V;, — R denote the bilinear form of the Hessian of J,; at K € C,.
Then one can compute Hessk (A1, Ag) for any Ay, Ay € V, by noting that

1
HeSSK(Al, Ag) = Z (HeSSK(Al + Ao, A+ AQ) — HeSSK(Al — Ay, Ay — Ag)) ,
and that
d?J,(K +tA)

Hessk(A,A) = a2
t=0

for any A € V.
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B.5 Proof of Lemma 4.5

By Lemma A.1, given a stable matrix A, if (C, A) is observable, then the solution L to the Lyapunov
equation is positive definite

ATL+LA+CTC=0.
Therefore, we only need to prove

Q: 0 [A BCK]
0 R3Ck| |BkC Ak

is observable, and this is equivalent to show that the eigenvalues of the following matrix

A+ L11Q2  BCk+ L1aR2Ck
BkC + L91Q>  Ax + LyaR3Ck

Q0
0 R3Ck

[ A BCK]+[L11 L12}
BkC A Loy Loo

can be arbitrarily assigned by choosing L1, L12, Lo1, Loo. This is true by choosing
Lis=—-BR 2,

and observing that A—&—LHQ% and Ay +L22R%CK can be arbitrarily assigned since (Q% ,A), (Ck, Ak)
are both observable.

Thus, by Lemma A.1, the solution Yk to (12b) is positive definite. Similarly, we can prove X is
positive definite.

B.6 Proof of Proposition 4.1

We have already seen that .7, gives a smooth Lie group action of GL, on C,. We first show that the
isotropy group of K under the group actions in GL,, defined by

[T € GL, | Z(T.K) = K},
is a trivial group containing only the identity matrix. Let T" € GL, satisfy .7, (T, K) = K, or
[ 0 CKTl}_[O CK]
TBx TAKT™'| ~ |Bx Ak’
Then we have TAx = AT, and consequently

T A} Bg = AT Aj Bk.

By mathematical induction, we can see that TA{%BK = A{(BK for all j =0,...,¢ — 1, indicating
that any column vector of Aj Bk is an eigenvector of T with eigenvalue 1. On the other hand, the
controllability of K implies the column vectors of the matrix

(B« AxBk --- AL 'By|

span the whole space R?. Therefore R? is a subspace of the eigenspace of T" with eigenvalue 1,
meaning that T is just the identity matrix.

Since the isotropy group {1' € GL, | Z,(T, K) = K} only contains the identity, by |43, Proposition
7.26], the mapping T'— Z,(T, K) is an immersion and the orbit Ok is an immersed submanifold.
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We then prove that Ok is closed under the original topology of C,. Suppose (T]);‘il is a sequence
in GL4 such that

71 0
T4(Tj,K) = 0 oI }%[0 Cic

~ Kl — K ] )
TjBx TjAKT; Bk AJ e

Let G(s) be the transfer function of K| i.e.,
G(S) = CK(SI — AK)ilBK.

We notice that for any j > 1, the matrix sI — TjAKTj_1 is invertible if and only if sI — Ak is
invertible. Thus for any fixed s € C such that sI — Ak is invertible, we have

lim CkT; " (sI — T AT; )" T; Bk = Ck(sI — Ak) ™' Bx.

Jj—00
On the other hand, we simply have
CkT; ' (sI = TjAKT; ")~ Bk = Ck(sI — Ax) ™" Bk = G(s).

This shows that the transfer function of K agrees with G(s) for any s € C such that sI — Ak is
invertible, and thus is just equal to G(s). On the other hand, the controllability and observability
of K € C, indicates that the transfer function G(s) has order ¢, and so any two state-space
representations of G(s) with order ¢ will always be similarity transformations of each other (see
Theorem A.1). In other words, there exists T e GL, such that

s 0 éK . 0 CKT_I . ~
K= [BK AJ = [TBK TAKfl] = (T K),

which implies that K € Ok. We can now conclude that O is a closed subset of Cq. As a consequence
of the closedness of Ok, the set Ok equipped with the subspace topology induced from C, is a locally
compact Hausdorff space.

Now, by combining the above results and applying [48, Theorem 2.13|, we can conclude that the
mapping T' — 7,(T, K) is a homeomorphism from GL, to Ok. Therefore, the mapping T' — .7,(T, K)
is a diffeomorphism from GL, to Ok, and O is an embedded submanifold of C, with dimension
given by

dim Og = dim GL, = ¢*.

Finally, the two path-connected components of Ok are immediate.

B.7 Proof of Theorem 4.2

We first show that K* is a stationary point of J,(K) over K € C,,. Since
%(_Ina K*) == K*a
by Lemma 4.4, we have

I, O 1 0
VJn|K* - VJnLgn(_ImK*) == |:0 —In:| . an|K* : |:(§7 _In:| .

This equality implies that, excluding the bottom right n x n block, the last n rows and the last n
columns of V.J,|«. are zero. On the other hand, it is not hard to see that .J,(K*) does not depend

47



on the choice of A as long as A is stable. Therefore the bottom right n x n block of V.J,|«. is zero.
We can now see that VJ,|c. = 0, showing that K* is a stationary point of .J,,.

Let A = [ 0 ACK] € V, be arbitrary, and let
Ap, Aay
(1) _ 0 AC’K (2) _ 0 0 (3) _ 0 0
a0=[g 5] am= | o] 205 aL)

By the bilinearity of the Hessian, we have

3
Hessk«(A,A) = > Hesske (AD + AU AD 4+ AU =Y " Hess i (AW, AD),
1<i<j<3 i=1

Since the controllers K* 4+ tA® for i = 1,2,3 and K* + t(A(i) + A(S)) for i+ = 1,2 have the same
transfer function representation as K*, we can see that for all sufficiently small ¢,
Jn(K*) = Jo(K* 4+ tAW) = J,(K* + tAP)) = J,(K* +tA®))
= Jo(K* + (AN + AB))) = J,(K* + (AP + AB)),
which implies that ' '
Hessk- (AD ADYy =0,  Vi=1,2,3,

and

Hess i« (A + A® AWM 4 AB)Y = Hess i (AP + AG) AG L AG)) =,

Therefore
Hess g« (A, A) = Hessg- (A + A® AD 1 A@),

Now, if Hessk+ (A, A) = 0 for all A € V,,, then the Hessian Hess g+ is obviously zero. Otherwise,
Hessk+ (A, A) # 0 for some A € V,,, which implies that

Hess k- (A, A2)
1
=5 <Hess ke (AW + AGAM L AR — Hessx (AD, AM) — Hess g« (AP, A(Q))>
1
=3 Hessk+ (A, A) # 0.
Note that AM) and A® are linearly independent (otherwise Hessy+(A™M), A®) will be zero).
Together with Hess «(A®, A)) = 0 for i = 1,2, we see that Hess x~ must be indefinite (a symmetric

matrix having a 2 x 2 principal submatrix with zero diagonal entries and non-zero off-diagonal entries
must be indefinite).

Now we proceed to the situation where A is diagonalizable. We will use egk) to denote the
k-dimensional vector where only the ith entry is 1 and other entries are zero.

Part I: eig(—A) ¢ Z = the Hessian is indefinite. Let A € eig(—A)\Z. Since A ¢ Z, there
exists some 4, j such that

T —
G(\) = el CXop(M — A7) 'YopBel™ # 0.

We consider three situations:
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1) Xis real. In this case, let T' be a real invertible matrix such that

TAT ! = [‘A 0} :
0 =
Let AD,A®) eV, be given by
1
AW — [0 A . Al = (()2) °l
0 A 0

where
-

A(CI}Z = egm)egn)TT_l, Agi = Tegn)egp) .
Then it’s not hard to see that
Jn(K* +tAWY = J,(K* + tA®)) = J,(K*)
for any sufficiently small ¢, indicating that
Hess k- (AN, AMY) = Hess g+ (AP, A®)) = 0.
On the other hand, we have that the unique solutions to Lyapunov equations (12a) and (12b) are

)

By Lemma 4.3, we can see that

0 BAY Yop O
HeSSK*(A(l)+A(2)7A(1)+A(2)) _4tr<[A(2)C OCK XI{(*7A(1)+A(2) |: Op 0:| )
Bk
where X |’<* ADGAR) is the solution to the following Lyapunov equation
T
A0 A 0
[0 A} X&*,A(IMA(?)+X:<*,A<1>+A(2> [0 A}
T
0 BaY] (X, 0 L [Xop 0)| 0 NG R
APc o 0 0 0 0o |aPc o | 7
BK BK
Since
T T
0 BAY) [Xop 0] . [Xop 0} 0o BAG [ o x,cTal
A®c o o ofTLo of|aPc o A CX,p 0 ’
the matrix Xl’(*’A(l)_FA(Q) can be represented by
T T
oo A0 0 XopCTAY) A0
! — op B
Snon= [ ool 1) g, "+ )
T
00 eAs 0 0 X, CTA(2) eATs 0
- 0 M| [A@ o AT | @8
0 € Al CXop 0 0 e
-
_ /-‘roo 0 eAonchAgi 6ATs ds.
0 eASAgiCXOpeATS 0

49



Therefore

Hessk+ (A1) + A A L AG))

00 1) s )T s
(a3 [ “EESE )
0 ApiC 0] [eMAl) OX et 0 00

K

+oo
_ / 1t (BAL)N AR CXope ™Yy ) ds
0
By the construction of Aglz and Aglz, we can see that

e

-
A(Cl,zeAsAg) = efASegm) Z(p) .

Thus
+00

.
Hess i+ (A + A@ AD L ARy = / 1) CXope M MY, Bel™ ds

0
T _
= 4el” CXop(A — AT) Yo Bel™
=4G()N),
which is nonzero by assumption. Consequently,
Hess k- (A, A®))
- 1(Hess ke (AD LA AW LAY Hegs oo (AD, AD) — Hess g (A, A@)))

2
= 2G(\) £ 0.

Together with the fact that Hessk«(A™M, A(N) = Hess (A, A®)) = 0, we can see that neither
Hess g+ nor — Hess g+ can be positive semidefinite. Thus Hess g+ has at least one positive eigenvalue
and one negative eigenvalue.

A = Are + iAim is not real, and G(A) is not purely imaginary. In this case, since A is real, the
complex conjugate of A\, which we denote by ), is also an eigenvalue of A. We can find a real
invertible matrix T such that

_)\re _)\im
TAT ' = [ Aim —)\J 0
0 *

We still let AV A®) €V, be given by

(1) 0 0 T T
A(l) = 8 AOCK ; A(2) = [Ag) ol’ A(Cl’lz = egm)egn) T_I; Ag,z = Tegn)el(p) .
K

Then similarly as in the previous situation, we have
Hess K*(A(l), A(l)) = Hess K*(A(Q), A(Q)) =0,
and

1 2 1 2 e (1) _As A (2) AT
HessK*(A( )+ AP AM Al )) = / 4tr (BACKe SABKCXOpe 5Y0p> ds.
0
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By the construction of Aglz and Aglz, we have

-
AgZeASAgi = g Ares cos(—)\ims)egm)e,gp)

e e m w7
2i g

and therefore
Hess g+ (A(l) + A AN 4 A(Q))
+oo T Lo . -
= % </ 461@) CXope(AT_/\I)SY'OpBegm) ds _|_/ 48217) CXOpe(AT_)\I)SYvOpBegm) d5>
0 0

= —2i(G(\) +G(V),
and since G(\) is not purely imaginary, we have Hess g+ (A(1)+A(2), A(1)+A(2)) £ 0. Consequently,
Hess k+ (A(l), A(z)) # 0, and together with the fact that Hess k« (A(1)7 A(l)) = Hess g (A(2)7 A(2)) _

0, we can conclude that Hessk+ has at least one positive eigenvalue and one negative eigenvalue.

A = Are + iA\im i not real, and G(\) is purely imaginary. In this case, we can still find a real
invertible matrix T such that
_)\re _)\im 0
TAT ' = || Aim —Are
0 *

We let AMA@ €V, be given by

0 A(l) 0 0 1 m nT — 2 n T
S | B I PSR LR R NN BT
K

Then we have
Hess K*(A(l), A(l)) = Hess K*(A@), A(Q)) =0,

and

+oo
Hess g+ (A(l) + A(2), AW 4 A(2)) = / 4tr (BAg)eASAgQCXOpeATSYOp) ds.
0

K

By the construction of A(Cl.z and A(BQQ, we have

T
A(Cl'lz €A5Agi = €_>\re8 Sln(_AlmS)egm)egp)

and therefore
Hess k- (A + AP AL 1 AG))
= % </0+oo 461@)TCXOpe(AT*AI)S%pBe§m) ds — /0+Oo 4e£p)TCXope(AT*XI)SYOpBeE.m) ds)
=2(G(\) - G()),
and since G(\) has a nonzero imaginary part, we have Hess (A1) + AG AWM 1 A®)) £ .
Consequently, Hess g (A0, A =£ 0, and together with the fact that Hessk+(AM, A() =

Hess k=« (A(Z), A(Z)) = 0, we can conclude that Hessk+ has at least one positive eigenvalue and
one negative eigenvalue.
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Part II: eig(—A) C Z = the Hessian is zero. In this part, we will show that
Hessk+(A,A) =0
for any A € V.

Let A = [ AOBK ijﬂ €V, be arbitrary. Let
(1) _ 0 ACK (2) _ 0 0 (3) _ 0 0
A |:0 0 ]’ A |:ABK 0|’ A 0 Aul”

We have already shown that
Hess ks (A, A) = Hess g+ (AD + AG) AM 1 AR)),
Let T be an invertible n x n (complex) matrix that diagonalizes A as
W
TAT ' =
“n
Define .
Uy, = egm)e,(fn) T, Vik = Tegg )egp)

foreach1 <i<m,1<j<pandl<k<mn. It’snot hard to see that {Ujy; | 1 <i<m,1 <k <n}
forms a basis of C™*", and {Vj |1 < j < n,1 <k < n} forms a basis of C"*¢. Therefore A¢, and

Ap, can be expanded as
Z Z a;x Uik, Ap, = Z Z BikVik-

1<i<m 1<k<n 1<j<q1<k<n
By similar derivations as in Case 1, we can get

Hess k- (A + A AD 1 AG)
+oo .
= / 4tr (BACKeASABKCXopeA Snp) ds.
0

Then, since

A
Ace™Ap, = E § § E ik B Uine Vi
1<i<m 1<j<q 1<k<n 1<k'<n
e—)qs
_ Z Z Z Z (m) (n)T . (n) ()7
= azkﬁjklez ek ., ek/ 6]-
1<i<m 1<j<q 1<k<n 1<k'<n e~ Ans
T
Z Z Z (m) ,(p)
= alkﬂjk/e ks €; ] )
1<i<m 1<j<q 1<k<n
we have

Hess K*(A(l) + A@ AWM 4 A(2))

P> Z/ daikBjpe - jp CXope(A_)‘kI)TSYopBegm)ds

1<i<m 1<j<q 1<k<n

= 3 3 Y daub e P CX oy (M — A7) YopBel™.

1<i<m 1<j<q 1<k<n
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Since eig(—A)\Z = @, we can see that CXop (Al — AT)_IYOPB =0 for any 1 < k < n. Therefore
Hessk+ (A, A) = Hess g+ (A + A@ AM 4 ARy = g,
which completes the proof.

B.8 Proof of Theorem 4.4

For each € > 0, let the closed-loop system matrix be denoted by

~3 0 —1 -1
—3(1+e) -—1—c¢ —1—¢
1 -t -2

0
Adle) = 1 T
1+e€ 1+e —2(1+¢€) —2(1+e),

and let

e 4(1+¢€)?

o o]

w0 1
M= o B&VB;T}[
4

1
Morl)= 1o czTreg) = |o
' 0

4
+
0
0 0 1
1
4
0
0

= =0 O
=0 O

Let Xk-(€) and Yk (e) denote the solutions to the Lyapunov equations

Aq(€) X (€) + Xi=(€) Aa(e)T + My v (€) = 0,
Aai(e) Y (€) + Y (€) Aa(e) + Mg r(e) = 0.

By Lemma B.1, we can compute the Taylor expansions of Xk« (€) and Yk~ (€), which turn out to be

8 1 1 1 -1/5 1/2 -1/5 1/2
X o L[t 81 1/2 41/5 1/2 6/5| €
711111 -1/5 1/2 —1/5 1/2| 7
1111 /2 6/5 1/2 6/5

-1/2 1/5 —1/2 1/5 | (e & € A
1128 ") Tl

1/5 —1/2 1/5 —1/2

1/5 —1/2 1/5 —1/2
+ {
~-1/2 1/5 -1/2 1/5
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and

8§ 1 -1 -1 [-1/5 —-1/2 1/5 1/2
1|18 -1 -1 |-1/2 —39/5 1/2 4/5 | €
Yel=710 21001 [T 12 -1 12| 7
1 -1 1 1 1/2  4/5 —1/2 4/5
15 1/2 —1/5 —1/2] “1/5  —1/2 1/5  1/2
vz T —y2 s @ -2 —1s3s 12 15 | €
~1/5 -1/2 15 1/2 |14 |1/5 1/2 -1/5 -1/2| 28
—1/2 —7/5 1/2  7/5 | 12 13/5 —1/2 —13/5
15 1/2 —1/5 —1/2]
/2 61 -1/2 =5 et B
T2 12 15 172 | Tre Tl
—1/2 -5 1/2 5 |
Next, we let
00 0 0 00 0 0
0 00 0 0 00 0 0
GRS P C1ye 12 | Ke@F Xl g g g g0 |
00 1/2 -1/2 00 1/2 —1/2

which corresponds to the matrix M;(Xk+,Ap) in Lemma 4.3. Let X&(E)

the Lyapunov equation

(e) denote the solution to

Aa(© X1 (e) + X1V () Aa(e)T + MV (e) = 0.

Then similarly by Lemma B.1, we can compute the Taylor expansion of X (§9 ) (€), which is given by
0 0 1 -1 -6 —6 —69 78
W, _ |0 0 1 —1| ¢ |-6 -6 -20 29| ¢
X O=11 1 2 o0t |60 —20 —132 64| 9800
-1 -1 0 -2 78 29 64 64
12 12 89 —107 —-18 —18 —109 136
12 12 -9 -9 o —18 —18 38 —11| ¢ A
+ — ——— + o(€%).
89 -9 166 —128]| 19600 —109 38 —200 192 39200
—-107 -9 —128 —-30 136 —11 192 —4
By Lemma 4.3, we then have
00 O 0
o 0 O 0 0 I(O) o 3 4 4
Hessk=(Ag, Ag) = 4tr 00 —1/2 1/2 Xy (€)Yk=(e) | = 000°¢ +o(€%).
00 1/2 -1/2
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Similarly, to compute the leading term of the Taylor expansion of Hess k= (A1, A1), we let

0 0 —1/2 _1/2
Ml(l)(e): 1(/)2 1(/)2 —(1-86)/2 —(1%(;6)/2 X (€)
1/2 1/2 0 0
0 0 —1/2 —1/2 00 0 0
0 0 —(1+e/2 —(1+e/2| |0 0 0
Xk 9 19 0 0 00 1 (2+e/2|
1/2 1/2 0 0 00 (246)/2 1+¢

/(1)

which corresponds to the matrix M;(Xk-, A1) in Lemma 4.3. Let X

the Lyapunov equation

(e) denote the solution to

Aa() XD (e) + XD () Aa(e)T + MYV (e) = 0.
Then by Lemma B.1, we have

-72 =72 5 5

m, L [=72 =72 5 5
Xe'lD=5615 5 s s T
5 5 82 82
and then by Lemma 4.3, we can show that
680
essk-(A1, A1) = oo +o(1)

Finally, we show that HPTOjTOK* [Ao] HF = O(e). It can be shown that for any A = [AO ﬁCK] ,
B Aax

we have

Aa AT — ATA A+ A B — Ci T A =0

vec(Aay)
= [Ayel,-I,®A" Biol, —I,®CL'] |vec(Ap)| =0.
VeC(ACK)
Denoting
M= 4o, -, A" Biol, —I,2CK]
0 2(14+¢) =2 0 1 0 10
B 2 Te/2 0 —2 0 1 10
=21+ 0 —7¢/2 2(1+¢€¢) 14e¢ 0 0 1
0 —2(1+¢€ 2 0 0 1+e€ 0 1

Since for € > 0, dim 7O+ = n? = 4, we can see that
rank M = n? + nm + np — dimker M = 8 — dim 7 Ok~ = 4.

By Proposition 4.2, we can obtain || Projr¢,.[A¢][|r by computing

HMT(MMT)_IMUOH
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where v = [~1/2 1/2 1/2 —1/2 0 0 0 0]". We note that

10 + 8e 4+ 4€2 1+ Te+ €2 1+ 8¢ —8 — 8¢ — 4¢?

MMT = 1+ T7e+ 7 10+ 49¢2/4 —8 — 8¢ 1 — 6e — 7€
1+ 8¢ —8—8¢ 10+ 18¢ + 85¢ /4 1—Te

—8 —8c —4€? 1 — 6e — Te? 1—Te 10 + 10€ + 5€?

It can be checked that
—72 — 84¢ + 3€* 4 29¢ + 49¢ /2 €
72 4+ 126€ + 602 + 1363 — 14¢* | 2 3 4 | Te/d
79 — 30c — 36 — 3563 = (432 4 840¢ + 1122¢” + 702¢” + 249¢™) 7e/4
—72 — 12¢ — 27€2 + 14¢° —€
= + €+ €+ € + € V0,
432 + 840¢ + 112262 + 70263 + 249¢1)M

MM T

implying that
—72 — 84¢€ + 3€% + 29¢3 + 49¢1 /2

T 1 1 72 4 126€ + 60 + 13€> — 14¢*
(MM ™ Myg = . 5
432 + 840¢ + 1122¢2 4 702€3 + 249¢ 72 — 30€ — 36¢ — 35¢
—72 — 12€ — 27€ + 14¢3
~1/6 28
| 1/6 =71 €
= |16 | T |-s5| 216 T
~1/6 64
Since
~1/6
T|1/6| _
M 16 | = O(e),
-1/6

we can see that
MT(MMT)~IMuy = O(e),

which completes the proof.

C Connectivity of the Set of Proper Stabilizing Controllers

We present analogue results for the set of proper stabilizing controllers. The dynamical controller
in (3) is strictly proper as it does not contain a direct feedback term from the output measurement.
We note that the optimal solution for the LQG problem (2) is always strictly proper.

For closed-loop stability, we can also consider a proper dynamical controller as follows

£(t) = Ak€(t) + Bry(t),
u(t) = Ck§(t) + Dky(t),

parameterized by four matrices Ak, Bk, Ck, Dk with compatible dimensions. Similarly, we define
the set of proper stabilizing controllers as

5 _ e — |Px Ck (p+q)x (m+q)
Cq = {K_ [BK AK:| eR

(65)

A+ BDkC BCk| . .
[ BeC A ] is stable } . (66)

o6



By this definition, we always have C; C éq, which is consistent with the fact that the set of strictly
proper stabilizing controllers is a subset of the set of proper stabilizing controllers. But we note
that VK € C, with Dy # 0, the resulting LQG cost J(K) in (2) is infinite, despite that K internally
stabilizes the plant.

Similar to Lemma 3.1, the observation in Lemma C.1 is obvious. Unlike C,, that might have two
path-connected components, Cp is always path-connected, as stated in Theorem C.1.

Lemma C.1. Under Assumption 1, the set Cp is non-empty, open, unbounded and non-convex.
Theorem C.1. Under Assumption 1, Cp is always path-connected.

The proof of Theorem C.1 is almost identical to Theorem 3.1. By replacing the constraint
R = 0y, xp with R € R™*P in the definitions of F,,, G,, and ®(-), it is not difficult to verify that the
results in Proposition 3.1 and Proposition 3.2 still hold for C,. Unlike Cp_1 might be empty, we
always have C,,_1 # @ under Assumption 1 [49]. By adapting the proof in Theorem 3.3, Theorem C.1

is now obvious.

Example 9 (Connectivity of proper stabilizing controllers). Consider the linear system (58) in
Appendix B.3. We have shown that C,_1 = @ for strictly proper reduced-order dynamical controllers.
Here, it is easy to verify that the following proper reduced-order dynamical controller

AK:L BK:_3a CK:27 DK:_27

internally stabilizes the system, i.e., the eigenvalues of

0 1 0
1 Dk Ok
0 Bk Ax

have all negative real parts, indicating that Crt # (). Thus, Cp is path-connected.
Similarly, one can verify that the set of proper stabilizing controllers for the system in Example 2
is path-connected. Indeed, using the Routh—Hurwitz stability criterion, we derive that

5 o Dk Ck 2% 2 A+ BDkC BCk]| .
Ci = {K = [BK AK:| eR B<C A is stable

_ {K: [DK CK:| c R2X2

Bk Ax

Ak + Dk < —1, BkCk < Ak + AKDK} .

This set is path-connected.
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