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Abstract— This letter studies the problem of online multi-
step-ahead prediction for unknown linear stochastic sys-
tems. Using conditional distribution theory, we derive an
optimal parameterization of the prediction policy as a linear
function of future inputs, past inputs, and past outputs.
Based on this characterization, we propose an online least-
squares algorithm to learn the policy and analyze its regret
relative to the optimal model-based predictor. We show
that the online algorithm achieves logarithmic regret with
respect to the optimal Kalman filter in the multi-step setting.
Furthermore, with new proof techniques, we establish an
almost-sure regret bound that does not rely on fixed failure
probabilities for sufficiently large horizons N. Finally, our
analysis also reveals that, while the regret remains loga-
rithmic in N, its constant factor grows polynomially with the
prediction horizon H, with the polynomial order set by the
largest Jordan block of eigenvalue 1 in the system matrix.

Index Terms— Model-free learning, Multi-step prediction,
Logarithmic Regret

[. INTRODUCTION

LINE prediction of dynamical system behavior has long

been recognized as a fundamental problem in control
systems [1], robotics [2], computer vision [3], etc. Classical
approaches rely on an accurate model and known noise statis-
tics to propagate system responses and examine the effect of
future control inputs [4]. For instance, the celebrated Kalman
filter provides optimal mean-square-error predictions under
correct modeling assumptions [5]. In many applications [6]-
[8], however, obtaining explicit models and reliable noise
characterizations is impractical, especially when input-output
relationships are complex to identify. This has motivated
growing interest in learning prediction policies directly from
data, without full knowledge of the underlying system.

From model-based prediction to data-driven approaches, a
central challenge is how to parameterize the prediction policy.
Traditional system identification addresses this by first identi-
fying Markov parameters and then solving a nonconvex prob-
lem to extract a system model, upon which a standard Kalman
predictor can be used [9]. Recent advances have provided
non-asymptotic analysis of the identification process by char-
acterizing convergence rates of the identification error [10],
[11] and leveraging multiple trajectories to mitigate potential
state divergence [12]. Nonetheless, mapping from Markov
parameters to a system model is intrinsically nonlinear and
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nonconvex [13], which makes it difficult to establish strong
theoretical guarantees for online prediction performance.

Instead of identifying an explicit model, some recent studies
learn a prediction policy directly from input-output data [14]-
[18]. These methods exploit the Kalman filter’s structure and
parameterize the prediction policy as a linear function of past
inputs and outputs, and then estimate the weights via online
learning. This approach, also known as improper learning,
bypasses the intermediate system identification. Notably, [15]
shows that by employing a truncated autoregressive (AR)
model derived from the Kalman filter, a regret measure (i.e.,
the cumulative loss of the online predictor relative to the
optimal model-based prediction) scales logarithmically with
the time horizon. Thus, with sufficiently long trajectories, the
average prediction error of the online predictor approaches that
of the optimal Kalman filter. Building on this, [16] established
a similar logarithmic regret bound using low-rank approxi-
mation techniques to address slow convergence under heavy
noise. Our recent work [17] has introduced an exponential
forgetting strategy to address the unbalanced regression model
in online prediction while preserving the logarithmic regret.

The aforementioned results [14]-[18] focus primarily on
single-step prediction. In practical scenarios such as path plan-
ning and predictive control [19]-[21], multi-step predictions
are essential to enforce state constraints and optimize control
policies. While empirical studies [22], [23] suggest that recur-
sively applying a single-step predictor can extend the predic-
tion horizon, such autoregressive roll-outs can compound er-
rors and often underperform direct multi-step prediction [24].
Yet, the theory of effective multi-step prediction, especially a
quantitative characterization of performance degradation with
horizon length, remains largely underdeveloped.

In this paper, we focus on model-free online learning of
a multi-step-ahead predictor for linear stochastic systems.
Our contributions are as follows. First, based on conditional
distribution theory, we introduce an autoregressive model that
parameterizes the H-step-ahead prediction policy as a linear
combination of past outputs, past inputs, and future outputs
(Theorem 1). Unlike single-step prediction, the innovation
in H-step-ahead prediction becomes temporally correlated
and non-orthogonal. We further establish that the innova-
tion term coincides with the autoregressive roll-out in [15],
thereby providing a theoretical justification for the heuristic
approach. Second, based on the autoregressive model, we
propose an online least-squares-based learning algorithm for
H-step-ahead prediction. With a backward horizon chosen
proportional to log N, where N denotes the total time horizon,



we establish that the regret with respect to the optimal model-
based Kalman predictor scales logarithmically in N almost
surely (Theorem 2). The regret remains logarithmic despite
the non-orthogonal innovation process. The prediction horizon
H does not change the order in V; instead, it appears only
in the constant, which grows polynomially at a rate no larger
than H***1, where & is the size of the largest Jordan block of
eigenvalue 1 in the system matrix. Compared with the prior
literature [14]-[18], our results give the first explicit regret
scaling in terms of prediction horizon and hold almost surely
rather than merely in probability.

Notation: We use A > B to denote that A — B is positive
definite. We use ||-||5, |||/ z» and ||-||; to denote the 2-norm,
the Frobenius norm, and the 1-norm, respectively. A (u, V)
denotes a Gaussian distribution with mean g and variance V.
p(A) denotes the spectral radius of A. poly(z) denotes a
polynomial in z. O(f(z)) indicates the function is of the same
order as f(x), o(f(x)) indicates the function is of a smaller
order than f(x).

Il. PRELIMINARIES AND PROBLEM STATEMENT
A. Linear stochastic system and the Kalman filter
Consider the following linear stochastic system
Tpr1 = Axy + Buy, + wy,
k=0,1,2,...

where z, € R" is the state vector, uy € R"* is the input
vector, yi € R™ is the output vector, wg, ~ N (0, Q) and vy ~
N(0, R) are the process and observation noises, respectively,
and we assume uy, ~ N (0,1, ).

In this paper, we make a standard assumption.

Assumption 1: The matrix A is marginally stable, i.e.,
p(A) < 1, and the system pair (A, C) is detectable.

If the system parameters (A, B,C,Q, R) are known, we
can apply the Kalman filter [1], [5] to predict the future
outputs. Let F, = o (yo,...,yx) be the filtration generated
by the observations yo, ..., Y. Given Fj, we aim to predict
the optimal ;1 in the minimum mean-square error sense:

1
yr = Cxp + vy, M

e 2arg min E |y — 2131 B @
zEF

It is now well-known that the steady-state optimal predictor
takes a recursive form, known as the Kalman filter [5],

Tpy1 = AZp + Bup + L (yx — Ur), 0 =0

. . 3)
Ik = Cy,

where L = APCT (C’PC’T—i—R)_1 is called the steady-state
Kalman gain with P from the algebraic Riccati equation:

P=APAT +Q— APCT (CPCT + R) ' CPA". ()

It is also shown that the optimal prediction ¢4 is equiv-
alent to the expectation of yx,; conditioned on Fy, i.e.,
Jk+1 = E{yr+1 | Fr} [1, Section 2]. We note that the general
Kalman filter takes a time-varying form. However, due to the
exponential convergence of the conditioned output process ¥y
to become steady-state [1], the difference between the time-
varying and steady-state filters remains bounded by a constant.
Similar to [15]-[17], we focus directly on the steady-state
prediction in this paper.

B. Optimal one-step prediction policy

We briefly review here how to utilize the Kalman filter to
build an autoregressive model for single step prediction [15].
Denote e = yix — Ui as the innovation at time step k. By
rolling out the Kalman filter (3) backwards for p times, we can
reformulate yi4 in terms of the past inputs and outputs as

Yer1 = GpZip + C(A— LCVPip_pi1 +exr1,  (5)

-
where Zip £ [Yd_pi1--- Yb U py1---u]  collects the
past outputs and inputs, and Gj denotes the optimal weights

consisting of G, = [G’Lp, Gap|, where:

Gip 2 [C(A-LC)PL,

2 ., cr] ermm
Gap 2 [C(A— LC)P B,

-, CB] e R™*Pm,

(6a)
(6b)

This shows that the optimal steady-state policy for predicting
one-step-ahead output is a linear function of past outputs and
inputs. We here state another technical assumption [15]-[17]:

Assumption 2: The matrix A — LC' is diagonalizable.

This assumption is used only to simplify the regret analysis.
It ensures an exponential decay bound p ((A — LC)P) <
Mp(A — LC)P with some constant M > 0. There is no
fundamental difficulty without Assumption 2. If A — LC
contains higher-order Jordan blocks, the convergence speed
of (A— LC)? will be p ((A — LC)?) = poly(p)p(A— LC)P.
Hence, the backward horizon p should be further extended to
account for the slower convergence rate.

C. Problem statement

With observations up to time k, this paper aims to develop
an online multi-step-ahead prediction policy of the form

Ukrm = faWos - Yks U0y s Uy Uy —1)  (T)

where the term yiy means the H-step ahead prediction at
time step k. If H = 1, this is reduced to the linear policy for
one-step prediction (5), as established in [15]. Following [15]-
[17], we quantify the performance of the online prediction in
terms of the regret measured against the Kalman filter (3) that
has full system knowledge. Under this setting, the original
benchmark Kalman predictor from (3), i.e.,

2
E [||3/k+H - Z||2 \ ]:lc+H—1} )

will be too strong, since it uses the information up to yg4 1.
To address this, we consider a modified benchmark, called
the H-step ahead Kalman predictor, defined as

min

Uk+H = arg
2E€EF k4 H -1

Yr+n = arg min E {Hyk+H — 2|3 | ]:k} : ®)
z€Fg

We aim to minimize the following regret

N N
Ry = Z lypt o — Gesml® — Z lYrr o — Grrrll” (9)
k=1 k=1
where yi4 g is our online model-free prediction (7) and ¥4 g
is the optimal model-based Kalman prediction (8).

We address two fundamental questions in designing (7): 1)
how to parameterize the optimal multi-step-ahead prediction
policy in terms of past outputs and control inputs; and 2) how
to effectively learn this policy online and quantify its regret
(9) relative to the optimal model-based predictor.



[1l. MAIN RESULTS
A. Multi-step-ahead regression model

We here derive a closed-form expression of the model-
based optimal H-step ahead predictor and then provide a
parameterization of the optimal prediction policy.

Lemma 1: Consider the linear stochastic system (1) and the
optimal H-step ahead prediction problem (8). The optimal H -
step ahead prediction ¥4 can be obtained recursively as

H—-1
Tppm = AT 300 + Z A" Buyy,
i=1 (10)
Uk+m = CTptm,

where &3 1 = E{xj,1 | Fr} is the standard Kalman state
estimation from (3).

The proof is not difficult, and we present some details in
Appendix A. Lemma 1 shows that the optimal H-step-ahead
predictor can be obtained by first computing the best state esti-
mate Zj1 via the standard Kalman filter and then propagating
this estimate forward H — 1 steps using the system dynamics
together with the planned inputs {uj1,...,ux+m—1}- The
predicted output 4y g is simply the observation of this rolled-
out state. Hence, optimal multi-step prediction reduces to
applying the Kalman estimator once at the current time,
followed by deterministic roll-out under the known dynamics.

Lemma 1 allows us to obtain an optimal prediction policy as
a linear function of past outputs, past inputs, and future inputs.

Theorem 1: Let 1+ = Yx+H — Yr+m denote the innova-
tion process for the H-step ahead predictor (10). The following
linear regression model holds

Ynrr = GpZyp+CA" (A= LC)&y_py1 +rhym, (11
T
where Zrp £ (Yl pi1--- UksUh_py1---Upyg_q) con-
tains the past outputs, past inputs, and future inputs, and the
regressor weights G, = [G1 ,, Ga,p) are of the form:

Gip £ [CAH"YA - LC)P7'L, -+, CAHTLL],
Gop 2 [CAH-Y(A—LC)Y'B, ..., CAH7'B,....CB].

Furthermore, we have

Torr = eren + Y1y CA™ ' Lepymi, (12)

where e, = yr — Ui is the innovation in the Kalman filter (3).

We present the proof in Section IV-A. By definition,
the H-step innovation 7, aggregates past process noise
Wk41,-- -, Wkt+H—1- The overlap among these noise compo-
nents induces correlations between 14 g and ;g for I <
H. Thus, the usual orthogonality of the one-step innovation
process no longer holds in the H-step-ahead setting. As
established in (12), this non-orthogonal innovation 7y can
be parameterized as a combination of egy1,..., €5+ H-

In [15], an H-step autoregressive (AR) model (without
control inputs) is obtained by rolling out the one-step AR
model H times, and its innovation ey satisfies exyyg =
ex+H + Zi}l CA*'Leyf_i, which coincides with (12).
This observation highlights that including control inputs does

not introduce additional uncertainty into the innovation pro-
cess. Furthermore, (12) provides an equivalent parameteriza-
tion of ri4z as a summation of temporally uncorrelated one-
step innovations ey, across time. These properties are essential
in our online learning algorithm and its regret analysis.

B. Online learning and regret guarantee

From the linear regression (11), the H-step-ahead output
Yr+m 1s a linear function of the past outputs, past inputs, and
future inputs, perturbed by a bias term depending on Z_p41
and an innovation process 7 . Following [14]-[17], we can
estimate G, via least squares by regressing y:y onto the
regressor Zy ,, t < k (past inputs/outputs and future inputs).

Least-squares. We estimate G, ,, by ridge regression:

k—H
= . 2 2
Grp = argmén tz: ||yt+H - GZt,p”F + A ||G||Fa (13)
=p

where A > 0 is a regularization parameter. At each time step
k, by solving (13), we can obtain a closed form of Gy, as

N Nk-H T /-1
Grp = Zt:p yt+HZt,kafH-,p’

where Vi_pr, £ )\I+Zf;f Zt,pZtTp is called the Gram ma-
trix, which contains all collected past available samples Z ,,.
We then predict the future observation by

(14)

Jkrr = GrpZrp- (15)

Controlling bias. For nonexplosive systems p(A) < 1, the
bias term £3_,41 in (11) retains the state from previous time
steps, potentially growing at a polynomial rate. A persistent
bias error byig, = CAT1(A — LC)P#y 41 at each
step k£ could result in linear regret. Fortunately, Lemma 1
and classical theory guarantee that |A”~(A - LC)?|, <
ctH 1p(A — CL)P, with p(A — LC) < 1. This property
allows us to control the accumulation of bias errors A7 ~1(A—
LC)PZy_py1 only with p = O(log H log k). We implement
this via the standard doubling trick [25] (as in [15]): partition
time into epochs of doubling length, and keep p fixed within
each epoch while increasing it between epochs. We note that
the prediction policy in [24] chooses p = 1, which will induce
a significant bias and degrade the prediction performance.

Recursive updates within an epoch. At each time step k,
we update the prediction gy using (15) and then observe
the new observation yj;. Within each epoch, the predictor
can be computed recursively

(16a)
(16b)

Viegp = Vi—g—1p + Zka,pZ;LH,p,
Grp = Gr-1,p + (Y — Ur) ZII—H7ka11H,p'

A key distinction from the traditional one-step prediction [14]—
[18] is the update delay: the prediction yiipy is not used
immediately to update G at time k; due to the H-step horizon,
it contributes to the correction H steps later.

The model-free multi-step-ahead prediction is summarized
in Algorithm 1. We have the following regret guarantee.

Theorem 2: Consider the linear stochastic system (1). Sup-
pose Assumptions 1 and 2 hold. For a fixed H-step-ahead



Algorithm 1 H-step-ahead Online Prediction (HOP)
1: Input: parameter 3, \, T , Ng
{Warm Up:}
2: for k=1to T}y +1 do
3:  Observe yi, Generate ug4p—1;
4: end for
{Recursive Online Prediction:}
5: for [ =1 to Ng do
6: Initialize T;=2"1T}p + 1,p=L1log Ty,
7. Compute Vr,_p , and éTl,p;
8
9

for k =1, to 27, — 2 do
Predict §x+1 = GipZips

10: Observe yi41, Generate ug4fr;

11: Update Vi,_g41,, and Gk+17p as (16).
12 end for

13: end for

prediction, we choose the parameters in Algorithm 1 as
O(k +log H)

log(1/p(A — LC))’

where x represents the order of the largest Jordan block of

eigenvalue 1 in matrix A. Almost for sure, we have

Ry < MH* ™30 (log” N) ,

B = a7

(18)

where M is a constant related to the system parameters.

We outline the proof in Section IV and highlight the key
technical differences compared with the literature [14]-[17].

Theorem 2 provides the first logarithmic regret for online
multi-step-ahead prediction with respect to the optimal model-
based predictor. When A has Jordan blocks at eigenvalue 1, the
regret remains logarithmic in IV, but its constant scales polyno-
mially with the prediction horizon H, with degree determined
by the size of the largest such block. This logarithmic regret
holds true despite the innovation 4 being non-orthogonal.
Compared with [14]-[18], our result gives the first explicit
polynomial scaling of the regret in the prediction horizon H.

Moreover, our bound holds almost surely, i.e., it does not
depend on a fixed failure probability 6 € (0,1). The key idea
for this property is that for fixed d, the original regret in the
literature [15]-[17] will scale with poly log %. For sufficiently
large N, we only need to let § = %, then the above bound
can be obtained. This property coincides with the empirical
result that the norm of a long Gaussian random process is
“very close” to the norm of its expectation [26]. To the best
of our knowledge, this is the first almost sure bound for online
prediction, although a similar technique has also been utilized
in online LQR [27].

IV. TECHNICAL PROOFS
A. Proof of Theorem 1

First, since #5,,1 = E {xy,1 | F%} is the standard Kalman’s
state estimation from (3), we can roll the standard Kalman fil-
ter backwards for p times and get Z441 = (A—LC)P&q1-p+
Zf;ol(A — LC)!(Lyg—;+ Buy_;). Then the regression model
(11) is a direct consequence of the recursive update (10)
combined with the above recursive relation.

In the following, we establish the relationship (12), and only
consider the steady-state innovation process. Denote Zj1 =
Tp+1 — Try1 as the one-step optimal state prediction error for
Kalman filter (3), then we have

E{&p11d3f,,} =P, VkeN,
where P is from (4), and the following recursion holds
T = (A — LC)fk_l 4+ wp_1 — Lvg_1.

By comparing yx+ g and 4 g directly, we obtain

H—-1
Tht1 + VptH + Z CA  wy - (19)

i=1

Tk+H = CAH_l

Consider the structure of e;, = C%) + vi. We have
€L+ H = C(A*LC)@]C_FH_lJrC’wk_,_H_l —CLugrg—1+vitH.
Together with
CLegy—1=CLCTyg—1 +CLvgym—q,

we further have

ex+H +CLlepyp—1 = CAZpr g1 + Verm + CWiyp—1.
With a similar procedure, we have a recursive deduction below

er+H + Zl L CAT Ly i
=CAZk g1+ vk+n + Cwprn—1 + Z CA 'Lepym—-
=CAH! Tht1 + Vk+m + Zi:}l CA~ 1wk+H_i
Combining this with (19) leads to the desired relationship (12).

B. Proof of Theorem 2

We here outline the proof of Theorem 2 in four main steps.
More details for each step are postponed to the appendix.
1) Regret decompose: Wlth [15 Theorem 1], the regret
RN is dominated by Ly = Zk T |Uk+m — yk+HH2 ., Le.,
= Ly +0(Ly). Hence, in the following proof, we mainly
analyze the scaling law of £ with respect to N and H. We
further decompose each i1 — Y+ g into three parts,

k—H

~ ~ T —1
Yk+H — Yk+H — g bl-&-H,le,ka_H,ka',p - bk+H,p
l=p

Bias error
k—H
+ Z e 20Vl p ke = AGo Vil y 2k -
l=p —

Regularization error
Regression error

2

We further denote By, = bl+H7le ka Hop
2

as

the bias factor, &, =

Zz:_p Pt p 20 Vi HpH as the

_1 2
regression factor, Gy, ,, £ H/\Gp Vily p’ as the regularization
—H.p||,

factor, Vn —Zk T

init

1
—1 ]
HV/@—HmZ"’»”HZ as the accumulation



factor, and by, = ZQLTM [[br+ HJ,Hg as the accumulation
of bias. Then we can further decompose the term Ly into

Ly < 4( max (Brp + Ekp + Grp) ) “VNp+4bnim,p. (20)

Note that from the expression of G, we can obtain that G, ,, <
% does not scale with N. Thus, in the following
proof, we discuss bias factor By, ,, regression factor &y ,,, and
accumulation factor Vy .
2) Suppress by, with large enough 3 : We state a lemma
for bias factor B, and accumulation of bias by g, p.
Lemma 2: Suppose Assumptions 1 and 2 hold. For any

fixed S satisfying the condition in Theorem 2, we have

bniap<Mlog®> N, and max By, < Mlog N

lnlé

2n

holds almost for sure.

To prove this lemma, we first fix a failure probability §, and
we can guarantee that the system state zj, scales polynomially
with £ with high probability, i.e.,

P{ngkug < ME**log % Vk € N} >1-4. (22)

Then the bias factor satisfies By, < Zl—p ||bl+H7p||2 <

|cAH=1(A—LC)P || Zl_p | &5—pt1]ls. With an exponen-
tial decay of (A — LC)p and further letting § = —, we obtain

1
< >1—- —
P {g?ﬁ/( By, < Mlog N} 1 ,

holds for any fixed N. More details are given in Appendix C.
3) Decouple martingale process: We have the following
lemma for regression factor & p,
Lemma 3: Suppose Assumption 1 holds. For any fixed /3
satisfying the condition in Theorem 2, we have

max Ekp<MH2”ﬁlog N

,Z—lnl( <k (23)

holds almost for sure.

From (12), we can divide the innovation into the summation
of H unrelated innovations ey, then the regression factor can
be further relaxed into

2

&, <HZ lea-tz]| Zez+H IV

1 2
§ : T -2
+HH el+HZl,ka—H,pH2'
l=p

For each self-normalized martingale terms, we can apply [15,
Theorem 3] to show that foreach 0 <i< H — 1

det Vi—mp

<log 41
=08 T OB TGN

k—H L 2
T .1
H Z e+ H-iZ1p Vi p 9
l=p

holds uniformly for all k¥ with high probability 1 — §/H.
Similarly, with the almost sure bound for detVi_p, as
maxp<n logdet Viy_pg, < MB log2 N, this lemma is proved
by choosing § = % See Appendix D for details.

4) Concentration of accumulation: We have the following
lemma for accumulation factor Vy ,,

Lemma 4: Suppose Assumption 1 holds. For any fixed /3
satisfying the condition in Theorem 2, we have

Vnp <MH*15210g° N (24)

holds almost for sure.

Without loss of generality, we directly assume N =
oNeT ... where N is the number of epochs. Then we can
decompose the Vy , into

Ng 2T —
VN max HV E E H Z;~C
7p_Tmn<k<N k— H,p — k,p1 »Pl
l

where the subscript of p; is to highlight the p varies with epoch
number [. For the second part, we can directly bound it by the
concentration inequality

2T,
Zk lTl

S IOg ( det ‘/2’]"172’1)[/ det VTlfl,pl).

)Vk Z’C »Pl

2
. note that

_1 1
While for the bound maxz,, <x<n HVk_"’H Vi

1 12
Hij}{’kaf ‘ <14 Zz o—H41 21p Vi Hle p» and hence
we need the %ollowmg H-step AR representation of Zj ,,
which is derived as

d
ka :Za Zk HA4i— dp+5k:p+ Z a(J) 6k‘7j,pv
— =

where each a( )1 is obtained from the coefficient of minimal
polynomial 0f A and d is the dimension of minimal poly-
nomial of A. We can further show that %@1 < j"“_l, and
2
| <

1 1
1 T2 2
hence finally provide a bound maxr,, <x<n Hka HopVip

MH?*18]og? N holds almost for sure.

Proof of Theorem 2: We can now directly combine (20)
and Lemmas 2 to 4 to establish the desired regret bound in
(18), where we have eliminated the low-order terms.

2

V. NUMERICAL EXPERIMENTS

We here provide numerical experiments to verify the per-
formance of the proposed HOP in Algorithm 1. We consider a
modified dynamical system model from [15, Section V] with
control inputs. The system parameters are given by

1 05 0 0
A=10 1 05|, B=|0|, c=[1 0 0],
0 0 09 1

and @ = 0.01 % I35, R = 0.01. The control input uy is
randomly generated from i.i.d. standard Gaussian distribution,
i.e., up ~ N(0,1). The hyperparameter is chosen to be § = 2,
and Tip; = 400, the number of epochs is 3.

In Figure 1, we provide the comparison of regret Ry with
different ahead prediction step H, where H are chosen to be
2,4,5, 6 respectively. We can see that the regret remains log-
arithmic despite different H. For a marginally stable system,
the regret scales nonlinearly with the increase of H, which is
consistent with the polynomial scaling claim in Theorem 2.
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Fig. 1. Comparison of regret R across prediction horizons H €
{2, 4,5, 6}. The regret remains logarithmic for all H. The multiplicative
constant increases nonlinearly with H.

1500 2000 2500

Time Step

500 1000

TABLE |
COMPARISON OF Ry SCALING WITH H FOR MARGINALLY STABLE
SYSTEM AND OPEN-LOOP STABLE SYSTEMS.

Ahead step H 2 4 6 8 10 12
RN (p(4) =1) 30.7 1237 4109 1035 2280 4600
Ry (p(A) =0.6) 2.84 349 360 448 508 478

To further verify the scaling property of Ry with respect

to H, we also consider an open-loop stable system. The
0.60.5 0
0 0.6 0.5], and

system matrix A is chosen to be A = 6 0.5

the parameters B, C, @, R remain the same as those in the
previous experiment. The regrets for the marginally stable
system and the open-loop stable system with different H are
listed in Table I. We can see that for the open-loop stable
system, the regret R scales roughly linearly with H, and
even experiences a saturation effect for large enough H. While
for marginally stable systems, R scales polynomially with
H, with the polynomial order between H? and H?3. These
results are consistent with our analysis in Theorem 2, though
the polynomial exponent there may be conservative.

VI. CONCLUSION

In this letter, we address the problem of multi-step-ahead
prediction for unknown linear stochastic systems. We have
derived an optimal parameterization of the H-step predictor
as a linear combination of future inputs, past inputs, and past
outputs. We have proposed an online least—squares-based al-
gorithm to learn this policy. Our algorithm achieves an almost-
sure logarithmic regret bound with respect to the optimal
model-based H-step predictor. The dependence on the time
horizon N is logarithmic, while the multiplicative constant
scales polynomially with the prediction horizon H. Future
directions include designing online feedback laws to stabilize
a linear stochastic system with regret guarantees relative to an
optimal LQR/LQG controller.
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APPENDIX
A. Proof of Lemma 1

It is known that the optimal prediction (8) is equivalent to
the conditional expectation [1, Section 2], i.e.,

Ukvr = E{yrsn | Fr}-

We thus only need to compute this condition expectation. Let
f(x) be the probability distribution function of a random
variable x. The Chapman-Kolmogorov (C-K) equation says
that

f (@ht2 |Fi) = /f (@rt2|Tot1) [ (@ht1 | Fr) dvpsr. (25)
From the system dynamics (1), we have

f (xk+1 |£L'k) = N(Axk + Bug, Q) .

Classical Kalman filtering theory guarantees that the steady-
state estimation [1] satisfies

f (@ | Fe) =N (Zr41, P)

where P is the unique positive semidefinite solution to the
ARE (4). Calculating the integral (25), we have

f (xk+2 ‘ ]:k) =N (Ai’k_;,_l + Buk+1,APAT + Q) .

Performing the integral (25) for H — 1 times recursively leads
to

frvn | Fx) =N (Tryn, Pu),

where the mean Zj4 g is defined in (10) and the covariance

PH) takes the form as
Py = AP (AH-YT L Ai1Qa)T. (26)

Since we have E {yi+m | Fr} = CE{zkym | Fi}. the proof
is now completed.

B. Details for Regret decomposition

With classical results in online linear regression techniques
[15], [16], we first divide the regret Ry into two parts, i.e.,

N N
R 2 . 2 _ 2
NE DY krn —Geraly = D lokrn — Treral
k=Tt k=Tt
N N
_ ~ 2 _ ~
= ZH?JHH — JktHllp+2 Z Ty (Une B — Tt i) -
k=Tt k=Tt
LN cross term

The first part is the accumulation of the gap yx — yr, while
the second part is a cross term between the innovation 7y g
and the gap ¥, — yi. Since ri4 g can be decoupled into the

summation of H ii.d. Gaussian sequences, from the self-
normalized martingale theory [28], it is standard to bound

N
Z Pavr (Uks i — Grrm) = O (\/E) =o(Ln), 27)

k=Tt

i.e., the cross term is dominated by the accumulation term L.

Then following standard linear regression techniques [14],
[28], we can divide the gap yr4+Hn — Yr+m at each time step
k as:

o 1) the regularization error induced by A,
e 2) the regression error induced by Gaussian innovation

Tk+H>
e 3) the bias error induced by by g, = CAT-1(A —
KCYP&p_pi1.

In particular, we rewrite the gap Yx+xr — Yk+5 as

k—H
~ ~ Ty -1
Ye+H — Yk+H = E bl-&-H,PZl,kafH,pZ’f,P - bk+H,p
l=p
Bias error
k—H
T —1 —1
+ E rl“!'HZl,ka;—H’ka,p — )\Gka_HmZk,p . (28)
I=p N—————

Regularization error

Regression error

The main difference between (28) and the decomposition in
[15], [16] is that the innovation 7z is inherently correlated,
ie, E{reynr],y_,} # 0,¥l < H, which requires some
decoupling techniques. Due to the time delay, the bias term
will be affected by A ~!, which requires a longer past horizon
to suppress. Furthermor?, the delay induced asymmetry, i.e.,
the cross between Vk__éHmth will further complicate the
analysis process. Following a simple argument, we have the
following bound.

N

_ _ 2
Ly = E U+ — Yrrrr |5
k=T

<4(max (Brp + Ekp + Gkp) ) - Vivp + 408, (29)

where the factors are defined as

2

1 2 1
A 7 -2 A 7T -2
Bk,p _HBk;PZk*H,PkaH,p‘ o’ gk,p = HR’C;PZka,kafH,p‘

)

2

N 9,k 2 N N 1 2

= - 2 = 2
gk,p* HAGpr Vk—H,p o’ VN,p - E , HVk—H,pZ’WPHQ’
k:’Tinil

b =N b 2. In the t bove, By, 2
N+H,p = k=Tt k+H,pllg- n the terms above, kp —
A ~ A
prrH,;m (R 7bk,p], Rk,p = [Tp+H; oo 7rk} ) Zk'—H,p =
Zpps - -7Zk:7H,p] are the collections of all past bias by,

innovations 7, and samples Z, ,,, respectively !. Without loss
of generality, we directly assume N = 2V2 T}, where N is
the number of epochs.

IFor a specific k in different epochs, the parameter p will be different due
to the doubling trick. In Algorithm 1, we always have p < Blog k.



C. Proof for Lemma 2 and selection of 8

We first provide an almost sure bound for the bias factors
and derive the requirement for 5. Note that at each epoch [,
for any T; < k < 27} — 2 there is

2 k )
23 Z Hbi,sz

i=p+H

_ >T -1 7 T
Byp = "Bk,pZk—H,kafH,ka‘—HmBk,p

k
_ 2. 2
< 3 |eAT YA LOY || di-p-r4 3
i=p+H
where p = Blog(T; — 1). Denote I'y £ E {22} }, with
Lemma 5, we have that for a fixed probability § and for all
k € N, there is

. k2
a2 < (2n+3log) Il

2 k-l .
< (204 31087 ) (1@l + 1213) 3 14°);
=0

uniformly holds for all & with probability at least 1 —Z-2. Note
that HA‘H < Mi25=2 where M is a constant only related

to system parameters, together with HCAH YA - LC) H
MH?*2p(A — LC)?P, we first have that the inequality

1
By, < MH?*72p(A — LO)*k*  log 5,

holds for all £ uniformly with probability 1 — 7=°. The above
inequality holds due to logk < k. We then choose 8 =
Mﬁ, where M is a parameter to be determined.
hen we have
2My log & 1
B SMH 2% p( A — LC)or/oa—ton log =
2M; 1.2k
gMH%*QZkT’Z log %
holds for all k£ uniformly with probability 1 — == where the
first inequality is from doubling trick. i.e., p > ﬁ log 5- Hence
we only need to choose M; > k + log H, then there is

1 72
{ka<M10g5 Vk>Tm,t}>1—6

For any fixed N, we choose § = %, then we further have

2
P{ngaI%(Bkm < MlogN} >1- N

With the large enough N, we can conclude that

maxg<n Bip < MHlog N holds almost surely. Moreover,

for the term by ,, note that the value of p varies with the

epoch index I. Then we divide by, apart. Similar to the

previous analysis, we have

Ng 2T1—2

log(N/Tin;i 1
S Pl < MMlogg

=1 k=T log 2

holds uniformly for all N with high probability 1 — ==
Therefore by letting § = 5, we can conclude that by, §
M log® N holds almost surely We have completed the proof

that it is sufficient to guarantee the uniform boundedness of
bias error only with the parameter 5 chosen to be proportional
to 1/log p(A — LC) and k + log H.

D. Proof of Lemma 3
From Theorem 1, we first have
H-1
Th+H = €p+H T Z CA™'Lepipm—;.
i=1
Then we denote E,.;, £ [ep, ey ek] , we obtain that
H-1

Rip = Epyme + Z CA ' LEp y—ih—i
i=1
With the Cauchy-Schwarz inequality, we further have

519,1, <H ‘

B 1 2 H-1 '
Epertn 2,V + H Y JCA L]
i=1

1 2
. . 7T /2
X HEp.kH—z:k—sz—H,kafH»p 2

Due to the conditional independence between e; and
Zk—1,p, V1> 0, with [15, Theorem 3], we have

2
— 1 ST _1
HR *EpiH—ik—iZ— Vi1 p )

det V},_ Hp
det A\
holds for all & > Tjy and 1 < ¢ < H — 1 uniformly with
probability at least 1 — §, where R £ CPCT + R is the
covariance of innovation e;, Then we provide an almost sure
bound for the matrix Vj_g ,. Without loss of generality, we
only need to consider the uniform bound of V , for all k& >

Tinic. First note that V3, = A\ + Zf:p Z1p 2] p» then denote

H
< mlog5+logj + log

Fi £E {Zk A (> We have
7,15 <E{Z], 2k}
k k+H-1
:tr( Z E{yy }+ Z E {uluj})
i=k—p+1 i=k—p+1
<ptr(R) + (p+ H)n,
|

+ tr(CTC S YA+ BBT)(AZ)T)
i=k—p+11=0
k—1
+ (p+ H)ny + npM Z 122
1=0
(p+ H)ny, + npME*<~1,

With Lemma 5, we have

_1 _1 k2
(Ff,p) QZ’C)PZIIP(F/%@) 2§(2(mp+(p+H)nu)+3log5)[

<mp ||R||2

Smp”R“Q +

holds for all £ > T, uniformly with probability 1 — L‘;,

together with the condition p < Blogk, we can obtain that
for each k < N, there is

ZypZf, Zzl,,,zlp <M62k2” log? k log 5)



holds uniformly W1th probablhty 1 — =2 For any N, we
further choose § = +, then we can obtaln that

kazkp (MB*N***1) I, Vk< N

holds uniformly with probability at least 1 — 7= . Furthermore,

we can obtain
log det Vi—p1, < logdet (M + Zy , Z}1 )
< (mp+ (p+ H)ny)log(MB* N>+,

and for sufficiently large IV, the above bound holds almost for
sure. Then for the term & ,, we further have that

det Vi—mp )

H
Erp <H (m log 5 + log 5 + log EESY;

H—-1
1 (14 S verg iz )

i=1
H-1
<MH <1 + Y ¢2H2>
i=1
H 2k+1
X logg + (mp+ (p+ H)ny) log(MBN= ") |,
uniformly holds for all £ < N with probability at least 1 — 4.
Similar]y, for fixed N, with p < Blog N, we choose § =

, then we have the term log & 5 = log HN dominated by
plog(M@Nz”H) < Blog® N. We finally have that

< 2Kk
glgajsfcfk,p < MH?**Blog? N,

holds almost for sure.

E. Proof of Lemma 4
We first relax the term Vi, as

Ng2T,—

L3 3 k|

=1 k=T,

1

HVk Hp 2

Vn max
P _Tm<k<N

and we ﬁrs% consider the wuniform boundedness of
HVk Hop ka Note that

k
_ T
kap = Vk*Hﬁp + E , Zl,le,p-
l=k—H+1

Then we have

_1 1 _1 k T _1

2 2 — 2 2
Vi p Ve Vi—gp =1 + Vk—H,p< E Zl,pZz,p) Vi—H p-

I—k—H

2
p‘zby

_1 1
Therefore we can bound the Hijiykaf

k
T -1
‘§1+ Z Z1pVi—mpZlp
l=k—H+1

1
2
HVk Hka

To bound Z;" Vi HpZLp for [ > k— H, we need to consider
the successive representation of Z1p with Zg,, s < L
Consider the minimal polynomial of A as

A% =ag_1 AT+ -+ ag,

and the companion matrix of A can be written as

00 --- 0 ao

10 --- 0 ay
A: . . . . 9

00 -+ 1 ag—

where d is the dimension of the minimal polynomial of A.
Then similar to [15, Lemma 2], we first derive the innovation
representation of output y; as

d d
Y = CAd‘fkfd + Z CAi_lBuk,i—&-ek-l-Z CAi_lLek,i.

i=1 =1

Then, with the minimal polynomial of A, we can derive the
successive representation of the y; as

Yk = Qd—1Yk—1 + - - - + QYk—a + Ok
where
d d
61@ = Z Lsek—s + Z Ksuk—57
s=0 s=1
s—1
Ly =—a4- oIy + CA* 'L =Y aq 1 CA™'L, Ly =1,
t=1
s—1
K,=CA* 'B-Y a4 . CA™'B.
=1

Then for the augmented form, further denote E’k,p =

T
T T
[ek_p+17...,ek} , Ukp

S

T T
|:uk—p+17"'7uk:| , we can
rewrite Zj, , as

Z;c’p = ad,lzk,Lp + ...+ aOZkfd,p + 5k,p- (30)

The term dy, ;, takes the form as 6y, = [5,(:1):, 5(2)1 with

s) kas,pa

Z diag, (L

@ 7 -1 7
and 6, 7 = Ukt m—1,p+8 —D_s—o @sUk+ H—1+s—d,p+H, Where

diag, (L) = diag (L, . .,L). Furthermore, we denote al(s)
———

) Ersp+ Zdlagp

s=1

P
as the (I + 1,d)-th element of matrix .A°. Then substitute
the successive representation of Zj_; ;, into eq. (30), we can
obtain

Zip = a5 Zroptoo 405 D drp+Ohp i Ok p.
By performing the above recursion for H times, we can obtain
d H-1
H ,
=> o) Z—mrsicap + Onp + > ) 8r—jp. (31)
i=1 j=1

For each k—H +1 < [ < k, consider the term Z V"' 7, ,,
by substituting the successive representation (31) and applying



Cauchy-Schwarz inequality, we can obtain

levk HleP (H+1 (Zaz 1Zl H+i— d,p) Vk H,p
N2 b4 H+1)08 Vil 0
X Zai—l —Hti-dp ) + (H+1)6,, Vi g ,00p

H—-1
(H+1) Z ag)151—,j,ka:1H,pa¢(zj215l—j,p- (32)
Jj=1
To provide a uniform bound for the above terms, we need to
first provide a uniform bound for each §;—; ,. We can verify
that for fixed d, the norm of L, is uniformly bounded for all
5=0,...,d— 1, Then we have the following bound for dy, ,,
that

2 2
< Mpm M H m
H‘Sk,pHQ > pkgv(\\ekllz + M(p+ H) <]\?f ||Uk||2

where M is only related to system parameters. With Lemma 5,
for fixed N, we have

w25

k2
P{leall < Mo, viz B} 21— T2

Then choose § = we have

N’
2
<
%aﬁr{HekHQ < 3Mlog N

almost for sure for any fixed N. Moreover, due to u; ~
N(0,1,,), we also have

<
e, ur||5 < 3M log(N + H)

almost for sure for any fixed N and H. Then together with
p < fBlogN and N > H, we have

2 2
max 31,3 < MBlog* N

holds almost for sure, where H is eliminated as a low-order
term.

Then we reconsider the term ZlTkale’ » Z1.p » together with
Vie—m,p = A, we have

() )2
ag’
aglj)l‘sl—j,pvkialad 101—jp < ( d/\l) Mplog’ N

for each 1 < 5 < H — 1. Moreover, from Woodbury Equality,
there is also

-1
Z;I,ka_l,ka,p

1 >
I+ le—7pvk—17ka7P

-1
ZlI,p (Vk—l,p + ZkvaII,p) Zip =

Hence we have
d " T d
(Z aq(;_l)ZlfH%»ifd,p) VkilH,p( : ) < dz
i=1 i=1

where () = Zle agfll) Zi_H+i—a,p for brevity and

Z Vit oy 2y <d(H +1) Z ) + (H +1)MBlog? N
i=1

H1j2

J=1

10

Note that the term a((i )1 is from matrix A7, and the matrix A
shares the same minimal pol nomlal with A. Hence we have
||AJH < M35%%72, and ( ) < M52%=2 uniformly holds
for all © < d and j S H. Fmally, we have

max

2
< MH?*7*1810g®> N
T <k<N 2~ plog

1 1
—2 2
H kaH,ka,p

2
holds almost for sure, where the constant term d E?:l (aﬁﬂ) )

will also be dominated by log* N for large N.

27, —2 -1
k=T Vk},pl Zkvpl

For the accumulation error at the [-th epoch, where 1; =
2= + 1, from [29, Lemma 2] (also [15, Lemma 1]), we
first have the following result for the accumulation error

Then we consider the term le\fl

27, —

> i

k=T

det (VQTZ 2 p)

2
b7 H < log .
ko 2 det(VTl 1 p)

From Section D, we have

det(Vor,—2,p) _ log det(Var, 2 )
det(VTl_Lp) - det()\I)

almost for sure for each [ =1,...,

log < MBlog® N

Ng, then we have
Ng 2T1

2
2
Z Z HVkpZZk’Pl 9 < MBNglog® N
=1 k=T,
Note that Ny = % then we have
Np 2T — )
3
Z Z Hvkple,pz ) < MpBlog® N
=1 k=T,
and
Ng 2T —
Vi <Tmuné%}éN‘ k— 1P ‘ Z Z‘ kp,Zkr,pz
=1 k=T,
SMH2”+152 10g5N

holds almost for sure for any V.

F. Supplementary Lemma

Lemma 5: For any given 6 € (0,1) and for any Gaussian
random vector sequence Xy, satisfies Xy ~ N (0, Ip(k)), where
p(k) is a function of k, we define event Tx as

]{32
e 2 {1013 < 2000) + 310 5, vz 1,

_L5

then the event £x holds with probability at least
Proof: From [30, Lemma 1], for any Gaussmn ran-
dom vector X ~ /\/(O,Ip(k)). For each £ > 1, we have

]P’{||Xk||§ 2p(k;)+2«/p(k;)~t+2t2} < . For each
time step k, take ¢t =

a®+ b2, then we have P {||X;€H§ < 2n + 3log %2} >1-— k%_
Then, take a union bound over all k, we have

log% and with inequality 2ab <

k2 e3¢} 5
2
]P{||Xk|2 < 2p(k) + 3log =, Vk > 1} > 1 _;ﬁ’

Then with > p-; 1/k* = 72 /6, this lemma is proved. ]



