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Matrix decomposition:

» A simple example
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Matrix decomposition and chordal graphs

Matrix decomposition:

» A simple example

» This is true for any PSD matrix with such pattern, i.e., sparse cone

decomposition
* x 0 * *x 0 0 0 O
* *x x| =] *x 0O[+]0 % =x
0 * =x* 0 0 O 0 * =x*

- =0 =0

where * denotes a real scalar number (or block matrix).
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Matrix decomposition and chordal graphs

Matrix decomposition:
» A simple example

» This is true for any PSD matrix with such pattern, i.e., sparse cone

decomposition

* x 0 * x 0 0 0 O
* *x x| =] *x 0O[+]0 % =x
0 * = 0 0 O 0 * =

=0 =0 =0

where * denotes a real scalar number (or block matrix).

Benefits:
» Reduce computational complexity, and thus improve efficiency!
(83x3—=2x2)
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Matrix decomposition and chordal graphs

Matrix decomposition:

» Many other patterns admit similar decompositions, e.g.

(a) (b) (c)

» They can be commonly characterized by chordal graphs.
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Cligue decomposition

Chordal graphs: An undirected graph G(V, £) is called chordal if every cycle of
length greater than three has a chord.

O O
N
3 ©® OeOs0.

() (b)
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Cligue decomposition

Chordal graphs: An undirected graph G(V, £) is called chordal if every cycle of
length greater than three has a chord.
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N
3 © OeOs0.

(@) (b)

» Cliques: A clique is a set of nodes that induces a complete subgraph
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Clique decomposition

Chordal graphs: An undirected graph G(V, £) is called chordal if every cycle of
length greater than three has a chord.

@ @
N
o‘g)o a‘g'o

» Cliques: A clique is a set of nodes that induces a complete subgraph
Clique decomposition:

=

A,
—
e
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Sparse matrix decomposition

> Sparse positive semidefinite (PSD) matrices

Sn(g70) = {X es” | Xij = in = 07V(7’a]) ¢ 8}7
SIL(€,0) = {X €5"(£,0) | X  0).
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Sparse matrix decomposition

> Sparse positive semidefinite (PSD) matrices

Sn(570) = {X es"” | Xij = in = 07V(Za]) ¢ g}?
SIL(€,0) = {X €5"(£,0) | X  0).

» Clique decomposition for PSD matrices (Agler, Helton, McCullough, &
Rodman, 1988; Griewank and Toint, 1984)

Theorem
Let G(V,E) be a chordal graph with maximal cliques {C1,Ca,...,Cp}. Then,

p
ZESHE0) & Z=  Eg InEc,, Z € S

Te=il
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A growing number of applications

Control, machine learning, relaxation of QCQP, fluid dynamics, and beyond
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Machine learning

Relaxation of
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Others

Linear system analysis
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Nonlinear system analysis

Model predictive control
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Geometric perception & coarsening
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Max-Cut problem
Optimal power flow (OPF)
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Partial differential equations
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Binary signal recovery
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Sum-of-squares chordal decompositions
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Positive (semi)-definite polynomial matrices
» Recall the simple example

3 1 0 3 1 0 0 0 O
A=1(1 1 1| =11 05 0[+([0 05 1
0 1 3 o 0 O o 1 3

=0 =0 >0
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Positive (semi)-definite polynomial matrices
» Recall the simple example

3 1 0 3 1 0 0 0 O
A=1(1 1 1| =11 05 0[+([0 05 1
0 1 3 o 0 O o 1 3

=0 =0 >0

» How about positive (semi)-definite polynomial matrices?

pii(z) piz(x) 0
p21(z) po2(x) pas(z )] 0, Vxek

P(x):l
O-O0—® T

K=R"or,K={x€R"|gi(x) >0,i=1,...,m}
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Positive (semi)-definite polynomial matrices
» Recall the simple example

3 1 0 3 1 0 0 0 O
A=1(1 1 1| =11 05 0[+([0 05 1

0 1 3

=0 =0 =

» How about positive (semi)-definite polynomial matrices?

pii(z) piz(x) 0
p21(z) po2(x) pas(z )] 0, Vxek

P(x):l
O-O—® 0 e

K=R"or,K={x€R"|gi(x) >0,i=1,...,m}

» Point-wise: the decomposition still holds,

* * 0 * x 0 0 0 O
¥ % x| =|%x x 0|4+]0 *|, Ve e K
0 = = 0 0 O *

0
=0 =0 =0

* %
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Positive (semi)-definite polynomial matrices
» Recall the simple example

3 1 0 3 1 0 0 0 O
A=1(1 1 1| =11 05 0[+([0 05 1
0 1 3 o 0 O o 1 3

=0 =0 >0

» How about positive (semi)-definite polynomial matrices?

pii(z) piz(x) 0
p21(z) po2(x) pas(z )] 0, Vxek

P(x):l
O-O0—® T
K=R",or,K={x €R"|gi(x) > 1,...,m}

» Point-wise: the decomposition still holds, but can it be represented by
polynomials or even better, by SOS matrices?

* x 0 * *x 0 0 0 O
* ok x| =[x x O0[+]0 * x|, Ve e K
0 = = 0 0 O 0 * =

>0 >0 =0
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Naive extension does not work

Negative result

There exists a polynomial matrix P(z) with chordal sparsity G that is strictly
positive definite for all x € R™, but cannot be decomposed with positive
semidefinite polynomial matrices Sy ().
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Naive extension does not work

Negative result

There exists a polynomial matrix P(z) with chordal sparsity G that is strictly
positive definite for all x € R™, but cannot be decomposed with positive
semidefinite polynomial matrices Sy ().

» Example:
k+14+22 x+a° 0 T 1 x x 1
P(z) = T+ 22 k + 222 x —x? =lz = 1 =z —z|+kis
0 x—z° k414> 1 —x
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Naive extension does not work

Negative result

There exists a polynomial matrix P(z) with chordal sparsity G that is strictly
positive definite for all x € R™, but cannot be decomposed with positive
semidefinite polynomial matrices Sy ().

» Example:
k+14+22 x+a° 0 r 1 x x 1
P(z) = T+ z2 k+ 222 x —x? =|lx = 1 » —x|+kls
0 z—z? k+1+2° 1 —=z

» |t is not difficult to show that

a(z) b(x) O 0 o0 0
P(z) = |f)(ac) c(x) O‘| + [0 d(z) e(:c)],
0 0 o0 0 e(z) f(x)

fails to exist when 0 < k < 2.
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Naive extension does not work

Negative result

There exists a polynomial matrix P(z) with chordal sparsity G that is strictly
positive definite for all x € R™, but cannot be decomposed with positive
semidefinite polynomial matrices Sy ().

» Example:
k+14+22 x+a° 0 r 1 x x 1
P(z) = T+ z2 k+ 222 x —x? =|lx = 1 » —x|+kls
0 z—z? k+1+2° 1 —=z

» |t is not difficult to show that

a(z) b(x) O 0 o0 0
P(z) = |f)(ac) c(x) O‘| + [0 d(z) e(:c)],
0 0 o0 0 e(z) f(x)

fails to exist when 0 < k < 2.
» P(x) is strictly positive definite if 0 < k < 2.
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Sum-of-squares (SOS) matrices

» Consider a symmetric matrix-valued polynomial

pii(z) pi2(z) ... pir(z)

pn(x) p2(r) ... pa(z) n
P(z) = . . = 0,Vz € R".

(@) pra(@) .. pela)

» The problem of checking whether P(z) is positive semidefinite is NP-hard in
general (even with r =1,d = 4).

UC San Diego
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Sum-of-squares (SOS) matrices

» Consider a symmetric matrix-valued polynomial

p1i(x) pi2(x) ... pir(z)

p21(z) paafz) ... por(w) N

P(x) = : : . : > 0,Vz € R™.
(@) pra@) . pela)

» The problem of checking whether P(z) is positive semidefinite is NP-hard in
general (even with r =1,d = 4).

> SOS representation: We call P(x) is an SOS matrix if
p(z,y) =y P(x)y is SOS in [x;y]

A polynomial g(x) is SOS if it can be written as q(z) = > | fi(x)>.
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Sum-of-squares (SOS) matrices

» Consider a symmetric matrix-valued polynomial

p1i(x) pi2(x) ... pir(z)

p21(z) paafz) ... por(w) N

P(x) = : : . : > 0,Vz € R™.
(@) pra@) . pela)

» The problem of checking whether P(z) is positive semidefinite is NP-hard in
general (even with r =1,d = 4).

> SOS representation: We call P(x) is an SOS matrix if
p(z,y) =y P(x)y is SOS in [x;y]

A polynomial g(x) is SOS if it can be written as q(z) = > | fi(x)>.

» SDP characterization (Parrilo et al.): P(z) is an SOS matrix if and only if
there exists Q > 0, such that

P(z) = (I ® va()) QI ® va()).

where @ is called the Gram matrix, v4(x) is the standard monomial basis.
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Hilbert—Artin theorem

Sparse matrix version of the Hilbert—Artin theorem

Let P(z) be an m X m positive semidefinite polynomial matrix whose sparsity
graph is chordal and has maximal cliques C1,...,C:. There exist an SOS
polynomial o(z) and SOS matrices Sy (z) of size |Cx| X |Ck| such that

o(z)P(z) = Y EC, Sk(x)Ee,-
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Hilbert—Artin theorem

Sparse matrix version of the Hilbert—Artin theorem

Let P(z) be an m X m positive semidefinite polynomial matrix whose sparsity
graph is chordal and has maximal cliques Cy, ...,C:. There exist an SOS
polynomial o(z) and SOS matrices Sy (z) of size |Cx| X |Ck| such that

o(z)P(z) = Y EC, Sk(x)Ee,-

> Example: o(x) = 1 + k + 2? suffices for the previous example

k+1+422 x + z? 0

14 z)%z?
b .
() T+ T
0 0
0 0 0
2 2 2.2
+ 1o E* +k+3kz*+ (1 —z)x I
14+ k+ a2
0 z — 22 kE+1+ 2>

» PSD polynomial matrices are equivalent to SOS matrices when n = 1.

Sum-of-squares chordal decompositions
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Reznick’s Positivstellensatz

Sparse matrix version of Reznick's Positivstellensatz

Let P(z) be an m X m homogeneous polynomial matrix whose sparsity graph is
chordal and has maximal cliques Ci,...,C:. If P is strictly positive definite on
R™ \ {0}, there exist an integer ¥ > 0 and homogeneous SOS matrices Sy (x) of
size |C| X |Ck| such that

t
2] P(2) = EZ, Sk()Eey.
k=1
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Reznick’s Positivstellensatz

Sparse matrix version of Reznick's Positivstellensatz

Let P(z) be an m X m homogeneous polynomial matrix whose sparsity graph is
chordal and has maximal cliques Ci,...,C:. If P is strictly positive definite on
R™ \ {0}, there exist an integer ¥ > 0 and homogeneous SOS matrices Sy (x) of
size |C| X |Ck| such that

t
2] P(2) = EZ, Sk()Eey.
k=1

» De-homogenization: If P is strictly positive definite on R™ and its
highest-degree homogeneous part Zla\:Qd P,x® is strictly positive definite

on R™\ {0}, then, we have
¢
(L+[l2]*)" P(z) = ) EE, Si() Ee,
k=1

where v > 0 is an integer and Sy (x) are SOS matrices of size |Cx| X |Ck|.
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Reznick’s Positivstellensatz

> Non-trivial example: Let g(x) = 2723 + 123 — 32723 4+ 1 be the Motzkin
polynomial, and

0.01(1 + 2§ + %) + g(z)  —0.01z, 0
P(x) = —0.01z1 2+ a8 +1 —x2
0 —X2 z$ + a5 +1
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Reznick’s Positivstellensatz

> Non-trivial example: Let g(x) = 2723 + 123 — 32723 4+ 1 be the Motzkin
polynomial, and

0.01(1 + 2§ + %) + g(z)  —0.01z, 0
P(x) = —0.01z1 2+ a8 +1 —x2
0 —X2 z$ + a5 +1

> P(x) is is strictly positive definite on R?, but is not SOS (e(1 + % + z§)
+q(z) is not SOS unless £ 2 0.01006 [Laurent 2009, Example 6.25]).
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Reznick’s Positivstellensatz

> Non-trivial example: Let g(x) = 2723 + 123 — 32723 4+ 1 be the Motzkin
polynomial, and

0.01(1 + 2§ + %) + g(z)  —0.01z, 0
P(x) = —0.01z1 2+ a8 +1 —x2
0 —X2 z$ + a5 +1

> P(x) is is strictly positive definite on R?, but is not SOS (e(1 + % + z§)
+q(z) is not SOS unless £ 2 0.01006 [Laurent 2009, Example 6.25]).

» Our theorem guarantees the following decomposition exists

(L + lll|*)” P(x) = E¢, S1(x) Ee, + E¢, Sa(x)Ec,.
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Reznick’s Positivstellensatz

> Non-trivial example: Let g(x) = 2723 + 123 — 32723 4+ 1 be the Motzkin
polynomial, and

0.01(1 + 2§ + %) + g(z)  —0.01z, 0
P(x) = —0.01z1 2+ a8 +1 —x2
0 —X2 z$ + a5 +1

> P(x) is is strictly positive definite on R?, but is not SOS (e(1 + % + z§)
+q(z) is not SOS unless £ 2 0.01006 [Laurent 2009, Example 6.25]).

» Our theorem guarantees the following decomposition exists
(1+ [|2]*)" P(z) = E¢, S1(x) Ee, + Ec,S2(z)Ee,.
> It suffices to use ¥ = 1 and SOS matrices

_la+zl®e) o] 1+l [14af+25 -z
SI(“’){ 0 ol * 100 —11 10022 |

1
Sa(w) = (1+ [l2]]?) [ o S

2 6 6
—x1 +x] + 22 —T2 ]
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Putinar’s Positivstellensatz
Consider P(z) > 0,Vz € K with K = {z € R" | gi(z) > 0,i =1,...,m}, and

o0(2) + g1(2)o1 () + - + gq(2)oq(x) = 1* — |||,
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Putinar’s Positivstellensatz
Consider P(z) > 0,Vz € K with K = {z € R" | gi(z) > 0,i =1,...,m}, and

a0(x) + g1(2)o1(2) + - + gg(@)og () = 17 — |J*.
Sparse matrix version of Putinar’s Positivstellensatz
Let P(x) be a polynomial matrix whose sparsity graph is chordal and has maximal

cliques C1,...,C:. If P is strictly positive definite on K, there exist SOS matrices
S;.k(z) of size |C| X |Ck| such that

P(z) = ZEck <So k() + ZQJ >Eck

}igia"[)i?gu . Sum-of-squares chordal decompositions 15/23




Putinar’s Positivstellensatz
Consider P(z) > 0,Vz € K with K = {z € R" | gi(z) > 0,i =1,...,m}, and

o0(2) + g1(2)o1 () + - + gq(2)oq(x) = 1* — |||,

Sparse matrix version of Putinar’s Positivstellensatz

Let P(x) be a polynomial matrix whose sparsity graph is chordal and has maximal
cliques C1,...,C:. If P is strictly positive definite on K, there exist SOS matrices
S;.k(z) of size |Ck| X |Ck| such that

P(z) = ZEck <So k() + ZQJ >ECk

> Example: Let C={z € R?: g1(z):=1— 27 > 0, g2(x):=27 — 23 > 0}, and

1—&—2:&%—:6‘1l 1 +x1x2—:p§’ 0
P(z) := |21 + z122 — 23 3+ 423 — 3x32 23wy — 120 — 205
0 22xy — 210 — 205 14+ 23 + xied — 3
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Putinar’s Positivstellensatz

—92 I I |
-2 -1 0 1 2
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Putinar’s Positivstellensatz

» It guarantees the decomposition below holds for SOS matrices S; ;(z)
2

P(x) =Y B, [Sok(@) + 91(2)S1,k(2) + g2(2) S5, (2)] Ee,
k=1
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Putinar’s Positivstellensatz

» It guarantees the decomposition below holds for SOS matrices S; ;(z)

P(x) =Y B, [Sok(@) + 91(2)S1,k(2) + g2(2) S5, (2)] Ee,
k=1

» Possible choices are

Soi(x) = I + Bj [z1 2] Si1(z) = [-’Ell] (1 1]
So,2(x) = I + |:_x;72} [$1 *372] Soa(z) = [;2] [2 xz]
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Applications to robust semidefinite optimization
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Robust semidefinite optimization

Consider a robust SDP program
B*:= inf b'A
AERE
‘
subject to  P(z,\) := Po(z) — Z Pi(z)\i = 0 Vz ek,

=1
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Robust semidefinite optimization

Consider a robust SDP program
B*:= inf b'A

AER!

‘
subject to  P(z,\) := Po(z) — Z Pi(z)\i = 0 Vz ek,
i=1

B* = ll’lf b' A
d,v
X, Sk

t
subject to  o(z)"P(z,\) = ZEJ,C (SO k(z) + Zg] )Eck,
k=1

sjkez'ck‘ Vi=0,...,q, Vk:l,...,t,
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Robust semidefinite optimization
Consider a robust SDP program
B*:= inf b'X

AER!

‘
subject to  P(z,\) := Po(z) — Z Pi(z)\i = 0 Vz ek,
i=1
B, := inf  b'A

’ A, Sk

subject to  o(x) Z E¢, (So k() + Z 9; (@ )ECM

sjkez'ck‘ Vi=0,...,q, Vk:l,...,t,

Convergence guarantees

» K is compact and satisfies the Archimedean condition, under some technical
conditions, we fix o(z) =1 and B}, — B* from above as d — oo.
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Robust semidefinite optimization

Consider a robust SDP program
B*:= inf b'A

AER!

‘
subject to  P(z,\) := Po(z) — Z Pi(z)\i = 0 Vz ek,
i=1

. T
Bj,:= inf b X
0 X, 85k

subject to  o(x) Z E¢, (So k() + Z 9; (@ )ECM

sj,kez';i@‘ Vi=0,...,q, Vk:l,...,t,

Convergence guarantees

» K is compact and satisfies the Archimedean condition, under some technical
conditions, we fix o(z) =1 and B}, — B* from above as d — oo.

> C=R": under some technical conditions, we fix o(z) = 1 + ||z||* and
Bj, — B” from above as v — oo.
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Numerical Experiments

Define a set
Fo={NeR?*: P,(z,)) =0 VzecR*.
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Define a set

Numerical Experiments

Fo={NeR?*: P,(z,)) =0 VzecR*.

')\293‘11 + x%
Alx%xg

P,(z,\)=

UC San Diego
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)\11%%%
)\21‘3 + :r:§
Agm%x%

/\gxgacg
/\zxg + x‘ll
Alm%rg

Alemg
)\Qx‘ll + m%

2,2
AaxiTs

2,2
AaxiTs

4 4
A2Ty + T3

Applications to robust semidefinite optimization
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Numerical Experiments

Define a set
Fo={NeR?*: P,(z,)) =0 VzecR*.

')\293‘11 + x% )\11%%% T
Mz2z2 Mozt 4zt Aox2z2

12 2,773 1273, 9 o
A2x5ws ATy + 7 Aiz{TE

Alm%xg )\Qx‘li + x% )\2([%’2%

Pw(va): . )

2,2 4 4
A2ziTs ATy + T3

22
2,2 )\112%,4
Aizszs Aoz + 7]

» Define two hierarchies of subsets of F,,, indexed by an integer v, as
Dy = {XER”: |[z]|*" Pu(x,A) is SOS},

3w—1
So = {)\ ER?: ||z||* Pu(z, ) = Z Engk(x)Eck,Sk(x) is SOS}.

k=1
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Numerical Experiments

Define a set
Fo={NeR?*: P,(z,)) =0 VzecR*.

')\293‘11 + x% )\11%.’17% T
Mz2z2 Mozt 4zt Aox2z2

12 2,773 1273, 9 o
A2x5ws ATy + 7 Aiz{TE

Alm%xg )\Qx‘li + x% )\2([%’2%

Pw(irv)\): ) 3

2,2 4 4
A2ziTs ATy + T3

22
2,2 )\112%,4
Aizszs Aoz + 7]

» Define two hierarchies of subsets of F,,, indexed by an integer v, as

Dy = {XER”: |[z]|*" Pu(x,A) is SOS},

3w—1
So = {)\ ER?: ||z||* Pu(z, ) = Z Engk(x)Eck,Sk(x) is SOS}.

k=1

» We always have
Sw,u g Dw,u g Fw
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Numerical Experiments

We consider
B* = ll’){f /\2 — 10)\1

subject to A € Fy,
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Numerical Experiments

We consider
B* = 1r>{f )\2 — 10)\1

subject to A € Fy,

Table: Upper bounds By, on the optimal value B* and time (seconds) by MOSEK

Standard SOS Sparse SOS

v=1 v=2 v=3 v=2 v=3 v=4
w t B, t Ba,. t Ba,. t Ba,. t Ba,. t Ba,.
5 12 -868 25 -936 69 -9.36 0.58 -8.97 0.72 -9.36 1.29 -9.36
10 407 -8.33 886 -9.09 2910 -9.09 1.65 -8.72 0.82 -9.09 2.08 -9.09
15 2090 -8.26 ooM OOM OOM OOM 276 -8.68 1.13 -9.04 2.79 -9.04
20 ooM OOM OOM OOM OOM oOOM 3.24 -866 154 -9.02 4.70 -9.02
25 ooM OOM OOM OOM OOM OOM 285 -8.66 194 -9.02 4.59 -9.02
30 ooM OOM OOM OOM OOM OOM 238 -8.65 240 -9.01 550 -9.01
35 ooM OOM OOM OOM OOM OOM 266 -865 3.25 -9.01 6.17 -9.01
40 oomMm oOOM OOM OOM oOOM ooM 3.07 -8.65 3.14 -9.01 8.48 -9.01
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Outline

Conclusions
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Summary

Clique decomposition:

A
RS /

» |t offers a decomposition for sparse positive semidefinite matrices

p
Z €SLE0) & Z = E; ZiEe,, Zk € S

k=1

» We present extensions to polynomial matrices: sparsity-exploiting versions of
the Hilbert-Artin, Reznick, Putinar Positivstellensatze.

» Applications to robust semidefinite optimization with sparsity!
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Summary

Clique decomposition:

A
RS /

» |t offers a decomposition for sparse positive semidefinite matrices

P
Z €SLE0) & Z = E; ZiEe,, Zk € S

k=1

» We present extensions to polynomial matrices: sparsity-exploiting versions of
the Hilbert-Artin, Reznick, Putinar Positivstellensatze.

» Applications to robust semidefinite optimization with sparsity!

Future work
» Polynomial matrix completion;
» Moment interpretations of the decomposition and completion results.
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Thank you for your attention!

Q&A

P Zheng, Y., Fantuzzi, G., & Papachristodoulou, A. (2021). Chordal and factor-width
decompositions for scalable semidefinite and polynomial optimization. Annual Reviews in
Control, 52, 243-279.

> Zheng, Y., & Fantuzzi, G. (2023). Sum-of-squares chordal decomposition of polynomial matrix
inequalities. Mathematical Programming, 197(1), 71-108.


https://arxiv.org/abs/2107.02379
https://arxiv.org/abs/2107.02379
https://arxiv.org/abs/2107.02379
https://arxiv.org/abs/2007.11410
https://arxiv.org/abs/2007.11410
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Proof ideas: Hilbert—Artin theorem

Diagonalization with no fill-ins

If P(x) is an m x m symmetric polynomial matrix with chordal sparsity graph,
there exist an m X m permutation matrix 7’, an invertible m x m lower-triangular
polynomial matrix L(x), and polynomials b(x), di(x), ..., dm(x) such that

b (x) TP(z)T" = L(z)Diag (di (), ..., dm(x)) L(z)".

Moreover, L has no fill-in in the sense that L + LT has the same sparsity as
TPT".
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Proof ideas: Hilbert—Artin theorem

Diagonalization with no fill-ins

If P(x) is an m x m symmetric polynomial matrix with chordal sparsity graph,
there exist an m X m permutation matrix 7’, an invertible m x m lower-triangular
polynomial matrix L(x), and polynomials b(x), di(x), ..., dm(x) such that

b (x) TP(z)T" = L(z)Diag (di (), ..., dm(x)) L(z)".

Moreover, L has no fill-in in the sense that L + LT has the same sparsity as
TPT".

' |

Figure: Decomposition follows by combining columns.

Figure from Prof. Lieven Vandenberghe's talk.
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Proof ideas: Putinar’s theorem

Scherer and Ho, 2006

Let /C be a compact semialgebraic set that satisfies the Archimedean condition. If
an m x m symmetric polynomial matrix P(x) is strictly positive definite on IC,
there exist m x m SOS matrices So, ..., Sq such that

P(z) = So(x) + ) _ Si(@)gi(x).
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Proof ideas: Putinar’s theorem

Scherer and Ho, 2006

Let /C be a compact semialgebraic set that satisfies the Archimedean condition. If
an m x m symmetric polynomial matrix P(x) is strictly positive definite on IC,
there exist m x m SOS matrices So, ..., Sq such that

P(z) = So(x) + ) _ Si(@)gi(x).

» Weierstrass polynomial approximation theorem + the above version of
Putinar’'s Positivstellensatz

a(x) blz)" 0
P(z) = |b(z) U(z) V(z)
0 V(z) W(x)
a(x) b(z)" 0 0 0 0
= lb(;t) H(z)+2I 0|+ l() U(x)— H(z)—2I V(z)|.
0 0 0 0 V)" W (x)
=0,Vzek =0,Vzek
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